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TURÁN AND RAMSEY NUMBERS FOR 3-UNIFORM MINIMAL PATHS OF
LENGTH 4
JIE HAN, JOANNA POLCYN, AND ANDRZEJ RUCIŃSKI
Abstract. We determine Turán numbers for the family of 3-uniform minimal paths of length four
for all n. We also establish the second and third order Turán numbers and use them to compute the
corresponding Ramsey numbers for up to four colors.
§1. Introduction
Turán-type problems concern the maximum number of edges in a (hyper)graph without certain
forbidden substructures. They are central to extremal combinatorics and have a long and influential
history initiated by Turán in 1944 [21] who solved the problem for all complete graphs. A few
years later Erdős and Stone [4] determined asymptotically the Turán numbers for all non-bipartite
graphs. Such questions for hypergraphs are, however, notoriously difficult in general, and several
natural problems are wide open, most notably Turán’s conjecture for the tetrahedron. And, again,
asymptotic results are perhaps a little easier to obtain. For a comprehensive survey on Turán
numbers for hypergraphs see [13].
Similar stature and even longer history are enjoyed by Ramsey Theory, started by Ramsey’s paper
[20] and developed in the mid thirties of the twenties century by Erdős and Szekeres [3]. Here the
object of interest is the smallest order of a complete (hyper)graph which, when edge-partitioned
into a given number of colors, possesses a desired substructure entirely in one color. When the
substructure is itself complete, an exact solution of this problem is still beyond our reach already for
graphs and becomes hopeless for hypergraphs, except for some very small cases.
The two problems are immanently related by a (trivial) observation that if the number of edges
of one color exceeds the Turán number for the target substructure, then there is a monochromatic
copy of it in that color. However, since one is typically interested in a small number of colors (as we
are), the corresponding Turán numbers should also be known for small number of vertices.
In general, both, Turán and Ramsey problems are more difficult for dense hypergraphs. Conse-
quently, the area of research interest has broadened to include sparser structures like paths and
cycles. In this paper we focus on a particular family of 3-uniform hypergraphs, minimal paths of
length four, for which the Turán numbers have been already determined for large n in [5]. We
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compute them for all n and, consequently, obtain the corresponding Ramsey numbers for up to four
colors.
1.1. Basic definitions. For k ě 2, a k-graph (k-uniform hypergraph) is an ordered pair H “ pV,Eq,
where V “ V pHq is a finite set (of vertices) and E “ EpHq is a subset of the set `Vk˘ of k-element
subsets of V (called edges). If E “ `Vk˘, we call H complete and denote by Kpkqn , where n “ |V pHq|.
For k-graphs H 1 and H we say that H 1 is a sub-k-graph of H and write H 1 Ď H if V pH 1q Ď V pHq
and EpH 1q Ď EpHq. Given a family of k-graphs F , we call a k-graph H F-free if for all F P F we
have F Ę H, that is, no sub-k-graph of H is isomorphic to F . Given a family of k-graphs F and an
integer n ě 1, the Turán number for F and n is defined as
exkpn;Fq– maxt|EpHq| : |V pHq| “ n and H is F-freeu.
Every n-vertex F -free k-graph with exactly exkpn;Fq edges is called extremal for F . We denote by
Exkpn;Fq the family of all n-vertex k-graphs which are extremal for F . In the case when F “ tF u,
we will often write exkpn;F q for exkpn; tF uq and Exkpn;F q for Exkpn; tF uq.
Let F be a family of k-graphs and r ě 2 be an integer. The Ramsey number RpF ; rq is the smallest
integer n such that every r-edge-coloring of the complete k-graph Kpkqn yields a monochromatic copy
of a member of F . The relationship between Turán and Ramsey numbers allured to above is best
exemplified by the following implication:
1
r
ˆ
n
k
˙
ą exkpn;Fq ñ RpF ; rq ď n. (1.1)
As mentioned earlier, we shall consider the Turán problem for a special family of 3-uniform paths.
At this point the reader should be alerted that there are several other notions of paths and cycles in
k-graphs (e.g., Berge, loose, linear, tight) and that authors take a great liberty in using those names
(except for Berge). In this paper we restrict our attention to minimal paths and cycles defined as
follows.
Given k, ` ě 2, a k-uniformminimal `-path (a.k.a. loose) is a k-graph with edge set ta0, a1, . . . , a`´1u
such that ai X aj ‰ ∅ if and only if |i´ j| ď 1, while a k-uniform minimal `-cycle is a k-graph with
edge set ta0, a1, . . . , a`´1u such that ai X aj ‰ ∅ if and only if |i ´ j| ď 1 pmod `q. So, minimal
paths and cycles form special subclasses of, resp., Berge paths and cycles (see, e.g., [16]), with
no redundant edge intersections. Put another way, the minimality manifests itself by no vertex
belonging to more than two edges.
We write Ppkq` for the family of all k-uniform minimal `-paths and Cpkq` for the family of all
k-uniform minimal `-cycles (see Figure 1.1 for all 3-uniform minimal 4-paths). Note that the longest
path in Ppkq` has `pk ´ 1q ` 1 vertices. It is called linear (a.k.a. loose), since edges intersect pairwise
in at most one vertex, and denoted by P pkq` . For convenience, in what follows we shall write P4
instead of Pp3q4 . For k “ 2 the families Pp2q` and Cp2q` each consists of a single graph, the ordinary
(graph) path and cycle, which will be denoted by, respectively, P p2q` and C
p2q
` .
TURÁN AND RAMSEY NUMBERS FOR 3-UNIFORM MINIMAL PATHS OF LENGTH 4 3
Figure 1.1. All 3-uniform minimal 4-paths from Pp3q4 .
1.2. Main results. Mubayi and Verstraëte [16] showed that exkpn;Ppkq3 q “
`
n´1
k´1
˘
for all n ě 2k
and ex3pn;Pp3q` q ď 5`´16
`
n´1
2
˘
for all n ě 3p`` 1q{2. Füredi, Jiang, and Seiver [5] proved that, for
k ě 3, t ě 1, and for sufficiently large n,
exkpn;Ppkq2t`1q “
ˆ
n
k
˙
´
ˆ
n´ t
k
˙
and exkpn;Ppkq2t`2q “
ˆ
n
k
˙
´
ˆ
n´ t
k
˙
` 1, (1.2)
and that the unique extremal k-graph consists of all k-tuples intersecting a given set T of t vertices
plus, for even `, one extra edge disjoint from T . Note that for t “ 1, the above expressions become,
respectively,
`
n´1
k´1
˘
and
`
n´1
k´1
˘` 1.
In fact, in [5] the authors focused on linear paths and determined Turán numbers exkpn;P pkq` q for
large n and k ě 4, while Kostochka, Mubayi, and Verstraëte [14] did the same for large n and ` ě 4.
The remaining case of ` “ k “ 3 was also implicit in their proof, but again for large n. In [11], it
was proved for all n that ex3pn;P p3q3 q “
`
n´1
2
˘
.
In this paper we similarly extend (1.2) in the smallest open case, that is, we determine the Turán
numbers ex3pn;P4q for all n. All special 3-graphs appearing in Theorem 1.1 below, as well as in
Theorems 1.3-1.5 in Subsection 1.3, are defined, for clarity of exposition, only in Section 2.
Theorem 1.1. For n ě 1,
ex3pn;P4q “
$’’’’&’’’’%
`
n
3
˘
and Ex3pn;P4q “ tKnu for n ď 6,
20 and Ex3pn;P4q “ tKp3q6 YK1u for n “ 7,
22 and Ex3pn;P4q “ tS`18 , SP8, SK8u for n “ 8,`
n´1
2
˘` 1 and Ex3pn;P4q “ tS`1n u for n ě 9.
(Note that for n “ 8, we have `n´12 ˘` 1 “ 22.)
As an immediate consequence of Theorem 1.1 and the relation (1.1), plugging n “ 3r` 1, we infer
that, for r ě 3, RpP4; rq ď 3r ` 1. On the other hand, a simple construction originated in [7] (see
Section 7 for more details) yields a lower bound RpP4; rq ě r ` 6 for all r ě 1. Using Theorem 1.1
along with some more technical results from the next subsection, we confirm that, at least for up to
four colors, the lower bound is, indeed, the correct value.
Theorem 1.2. For r ď 4, we have RpP4; rq “ r ` 6.
1.3. Turán numbers of higher orders. To calculate Ramsey numbers based on Turán numbers,
it is sometimes necessary to consider Turán numbers of higher orders (see, e.g., [12]), which can be
defined iteratively as follows. The Turán number of the first order is the ordinary Turán number.
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For a family of k-graphs F and integers s, n ě 1, the Turán number of the ps` 1q-st order is defined
as
exps`1qk pn;Fq “ maxt|EpHq| : |V pHq| “ n, H is F-free, and
@H 1 P Exp1qk pn;Fq Y ...Y Expsqk pn;Fq, H Ę H 1u,
if such a k-graph H exists. An n-vertex F-free k-graph H is called (s+1)-extremal for F if
|EpHq| “ exps`1qk pn;Fq and @H 1 P Exp1qk pn;FqY...YExpsqk pn;Fq, H Ę H 1; we denote by Exps`1qk pn;Fq
the family of n-vertex k-graphs which are ps` 1q-extremal for F .
A historically first example of a Turán number of the 2nd order is due to Hilton and Milner [9]
who determined the maximum size of a nontrivial intersecting k-graph, that is, one which is not a
star (see the definition in Section 2). Recall that a 3-graph is intersecting if and only if it is M2-free
and that, by Erdős-Ko-Rado theorem [2], expn,M2q “
`
n´1
2
˘
for n ě 6, while for n ě 7 the only
extremal 3-graph is a full star. Hilton and Milner proved that
Theorem 1.3. [9] For n ě 7 we have exp2q3 pn;M2q “ 3n´ 8.
In [8] the authors determined exp3qk pn;M pkq2 q for all k; in [19] the complete hierarchy of 3-uniform
Turán numbers expsq3 pn;M2q, s “ 1, . . . , 6, has been found (for s ě 7 they do not exist).
In this paper we determine for P4 the Turán numbers of the second and third order.
Theorem 1.4. For n ě 9,
exp2q3 pn;P4q “
#
5n´ 18 and Exp2q3 pn;P4q “ tSPnu for n ď 11,`
n´3
2
˘` 7 and Exp2q3 pn;P4q “ tCBnu for n ě 12.
Theorem 1.5. For n ě 9,
exp3q3 pn;P4q “
$’’’’’’’&’’’’’’’%
4n´ 10 and Exp3q3 pn;P4q “ tSKnu for n ď 10,`
n´3
2
˘` 7 “ 35 and Exp3q3 pn;P4q “ tCBnu for n “ 11,
5n´ 18 “ 42 and Exp3q3 pn;P4q “ tSPnu for n “ 12,
47 and Exp3q3 pn;P4q “ tSPn, Bnu for n “ 13,`
n´4
2
˘` 11 and Exp3q3 pn;P4q “ tBnu for n ě 14.
Note that for n “ 13 we have 5n´ 18 “ `n´42 ˘` 11 “ 47.
1.4. Notation. For a k-graph H and a vertex v P V pHq, the link graph of v in H is the pk´1q-graph
on the vertex set V pHq and the edge set
LHpvq “ ter tvu : v P e P Hu.
The degree of v in H is defined as degHpvq “ |LHpvq|, while maximum and minimum degrees in H
are denoted by ∆1pHq and δ1pHq, respectively. For k “ 2, we obtain the ordinary notions of degrees
and maximum and minimum degree in a graph. Also, in the case k “ 2, the link graph is just a set
of singletons and coincides with the standard notion of the neighborhood NGpvq. The subscript 1 in
∆1pHq and δ1pHq is often omitted.
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For a 3-graph H on V , the set of neighbors of a pair x, y P V in H is defined as
NHpx, yq “ tz : tx, y, zu P Hu.
The number degHpx, yq “ |NHpx, yq| is called degree of the pair of vertices x, y and we set ∆2pHq “
maxx,yPV degHpx, yq for the maximum pair degree in H.
We identify a k-graph H with its edge set EpHq. Throughout the paper we will use the name
“edge” for both, the edges of a 3-graph (triples) and the edges of a 2-graph (pairs). It will always be
clear from the context which one is meant. For a k-graph H with vertex set V we write
V rHs–
ď
hPH
h
for the set of all non-isolated vertices, i.e., vertices v with degHpvq ą 0. Given W Ď V we write
HrW s– th P H : h ĎW u
for the sub-k-graph of H induced by W .
For simplicity, if there is no danger of confusion, we sometimes denote edges tx, yu of graphs and
edges tx, y, zu of 3-graphs by xy and xyz, respectively. Also, if f “ tx, yu is a pair of vertices and
v P V is a single vertex, we may write fv for the edge tx, y, vu P H.
Notation f1f2 ¨ ¨ ¨ f` will represent a minimal path with edges f1, f2, . . . , f` in this order and,
likewise, notation v1v2 ¨ ¨ ¨ vm will represent a minimal path with vertices v1, v2, . . . , vm in this order.
The same shorthand notation may apply to cycles as well.
For two k-graphs G,H, let G YH denote the disjoint union of them. If H is a k-graph on V ,
v P V , and e P H is an edge of H, then we denote by H ´ v the k-graph obtained from H by deleting
vertex v together with all edges containing it, whereas by H ´ e we mean the k-graph obtained from
H by deleting the single edge e. For a k-graph H, by Hc we mean the complement of H, that is,
Hc “ `Vk˘rH.
1.5. Organization. The rest of the paper is organized as follows. In the next section we construct
3-graphs which play a special role in the statements and proofs of our results. In Section 3 we
introduce several lemmas and use them to deduce Theorems 1.1, 1.4, and 1.5. The proofs of these
lemmas are presented in Sections 4–6. We prove Theorem 1.2 in Section 7. This proof relies only
on the statements of Theorems 1.1, 1.4, and 1.5, and thus can be understood without reading the
earlier sections. Finally, the last section contains a couple of open problems.
§2. Special 3-graphs
In this section we define 3-graphs which play a special role in the paper, either as tools in the
proofs or as extremal 3-graphs. By default, we drop the superscript p3q.
The (unique) 6-vertex minimal 4-cycle C4 is a 3-graph with
V pC4q “ tx1, x2, y1, y2, z1, z2u and EpC4q “ tx1y1y2, y1y2x2, x2z1z2, z1z2x1u
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x2
x1
y1 y2 z1 z2
(a) C4
v
P2
(b) SPn
v
K4
(c) SKn
Figure 2.1. 4-cycle C4, SPn and SKn.
(see Figure 2.1a). Further, let K – K4 stand for the complete 3-graph on four vertices and let
P – P2 denote the minimal 2-path with five vertices, that is, two edges sharing one vertex.
For s ě 2, let Ms stand for the matching of size s, that is, a 3-graph consisting of s disjoint edges.
2.1. Stars. A star is a 3-graph S with a vertex v (called sometimes the center) contained in all the
edges of S. A star is full if it consists of all sets in
`
V
3
˘
containing v, that is, if degSpvq “
`|V |´1
2
˘
.
Normally, we write Sn for the full star with n vertices, but if we want to specify the vertex set and
the star center, we may sporadically use symbol SvV instead. By S`1n we denote the unique (up to
isomorphism) n-vertex 3-graph obtained from the full star Sn by adding one extra edge. We call
S`1n a starplus.
2.2. F -stars. For a set V of n ě 6 vertices, a subset A Ă V , and a vertex v P V r A, let
Spv,Aq “ SvV rSvV rA be the star obtained from the full star SvV by deleting all edges disjoint from A.
In other words, Spv,Aq consists of all triples containing v and at least one vertex of A.
Given a 3-graph F , we define the F -star by SFn – F Y Spv, V pF qq, where V Ą V pF q, |V | “ n,
and v P V r V pF q. We will focus on two instances of F -stars: with F “ P and F “ K (see Figure
2.1(b-c)). It is easy to check that both, SKn and SPn, are tP4,M3u-free and contain a copy of C4.
Moreover, |SKn| “ 4n´ 10 and |SPn| “ 5n´ 18. Notice that for n “ 8 these two expressions are
equal to each other.
2.3. Balloons. Finally, we define two more deformations of stars. For n ě 9, let Bn be a 3-graph
on n vertices, called the balloon, obtained from the full star Sn´3 with center x by selecting three
vertices y1, y2, y3 P V pSn´3qr txu, adding three new vertices z1, z2, z3, and adding eleven new edges:
ty1, y2, y3u, tz1, z2, z3u, and all nine edges of the form tx, yi, zju, i, j “ 1, 2, 3 (see Figure 2.2a). Note
that the balloon Bn is P4-free, contains M3, and has
`
n´4
2
˘` 11 edges.
For n ě 8, let CBn be a 3-graph on n vertices, called the compact balloon, obtained from the full
star Sn´2 with center x by selecting two vertices y1, y2 P V pSn´2qr txu, adding two new vertices
z1, z2, and adding seven new edges: ty1, y2, z1u, ty1, y2, z2u, all four edges of the form tx, yi, zju,
i, j “ 1, 2, and the edge tx, z1, z2u (see Figure 2.2b). Note that the compact balloon CBn is P4-free,
is not a sub-3-graph of the starplus S`1n , and has
`
n´3
2
˘` 7 edges.
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z1
x
y3
y2
y1
z3
z2
(a) Balloon Bn.
x
y1
y2
z1
z2
(b) Compact balloon CBn.
Figure 2.2. Balloons. The green pairs form 3-edges with the vertex x.
§3. Turán numbers
The goal of this section is to prove Theorems 1.1, 1.4, and 1.5. In order to do this we divide the
family of all P4-free 3-graphs into some special subfamilies and then count the maximum number of
edges within them separately (see Figure 3.1).
Lemma 3.3
Lemma 3.4 Lemma 3.5
Lemma 3.2
Lemma 3.6
by induction
P4 Ę H
connected disconnected
M3 Ď H
|H| ď `n´42 ˘`11
M3 Ę H δ1pHq ě 1
|H| ď
$’’’&’’’%
`n´3
3
˘` 1, n P r6, 9s`n´6
3
˘` 20, n P r10, 12s`n´4
2
˘` 3, n ě 13
δ1pHq “ 0
C4 Ď H
H Ď SPn
|H| ď 5n ´ 18
H Ę SPn
|H| ď 4n ´ 10
C4 Ę H
H Ď S`1n
|H| ď `n´12 ˘ ` 1
H Ď CBn
|H| ď `n´32 ˘ ` 7
H Ď SPn
|H| ď 5n ´ 19
H Ę S`1n , CBn, SPn
|H| ď
max
!
4n´ 11, `n´42 ˘` 10)
H Ď S`1n |H| ď
expn ´ 1;P4q “
`n´2
2
˘ ` 1
H Ę S`1n
|H| ď exp2qpn´ 1;P4q
“
$&%5n´ 23, n ď 12`n´4
2
˘` 7, n ě 13
Figure 3.1. Division of the family of P4-free 3-graphs. The gray blocks contain
3-graphs not appearing in extremal families of the first three orders. For n ě 14 the
red, green, and blue block represent, respectively, the first, second, and third order
Turán number for P4.
Next, we compare to each other bounds obtained in Lemmas 3.2-3.6. For n ě 14 we have,
4n´ 10 ă 5n´ 18 ă
ˆ
n´ 4
2
˙
` 11 ă
ˆ
n´ 3
2
˙
` 7 ă
ˆ
n´ 1
2
˙
` 1, (3.1)
whereas for n P r8, 14s we gather these bounds in Table 1.
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S`1n SPn SKn CBn Bn maxt4n´ 11, disconn
n
`
n´1
2
˘` 1 5n´ 18 4n´ 10 `n´32 ˘` 7 `n´42 ˘` 11 `n´42 ˘` 10u Lemma 3.6
8 22 22 22 17 17 21 11
9 29 27 26 22 21 25 21
10 37 32 30 28 26 29 24
11 46 37 34 35 32 33 30
12 56 42 38 43 39 38 40
13 67 47 42 52 47 46 39
14 79 52 46 62 56 55 48
Table 1. The Turán numbers for P4 and n P r9, 14s of the first, second and third order.
However, before we do this precisely, we need one more piece of notation. A 3-graph H is said
to be connected if for every partition of the vertex set V pHq “ U Y¨W , there is an edge in H with
non-empty intersection with both subsets, U and V .
A forced presence of a sub-k-graph can be expressed in terms of conditional Turán numbers,
introduced in [11]. For a k-graph F , an F -free k-graph G, and an integer n ě |G|, the conditional
Turán number is defined as
exkpn;F |Gq “ maxt|EpHq| : |V pHq| “ n, H is F -free, and H Ě Gu.
Every n-vertex F -free k-graph H with exkpn;F |Gq edges and such that H Ě G is called G-extremal
for F . We denote by Exkpn;F |Gq the family of all n-vertex k-graphs which are G-extremal for
F . For k “ 3 we drop the subscript 3. The conditional Turán number of the sth order is defined
in a similar way as the ordinary Turán number of the sth order (see Subsection 1.3). Finally, for
k “ 3, if in the above definition one restricts oneself to connected 3-graphs, we add the subscript
conn and denote the corresponding extremal numbers and families, respectively, by exconnpn;F |Gq,
Exconnpn;F |Gq, expsqconnpn;F |Gq, and Expsqconnpn;F |Gq.
Now let us state a few lemmas from which Theorems 1.1, 1.4, and 1.5 follow. The case n “ 7 is
treated separately.
Lemma 3.1. exp7;P4q “ 20, Exp7;P4q “ tKp3q6 YK1u.
Lemma 3.2. Let H be a tP4, C4,M3u-free connected 3-graph on n ě 8 vertices. If H Ę S`1n ,
H Ę SPn, and H Ę CBn then
|H| ď max
"
4n´ 11,
ˆ
n´ 4
2
˙
` 10
*
.
Lemma 3.3. For n ě 9, exconnpn;P4|M3q “
`
n´4
2
˘ ` 11 and the balloon Bn is the only extremal
3-graph.
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Lemma 3.4. For n ě 8,
exconnpn;P4 Y tM3u|C4q “ 5n´ 18,
Exconnpn;P4 Y tM3u|C4q “
#
tSP 8, SK8u for n “ 8,
tSPnu for n ě 9.
Lemma 3.5. For n ě 9,
exp2qconnpn;P4 Y tM3u|C4q “ 4n´ 10,
Exp2qconnpn;P4 Y tM3u|C4q “ tSKnu.
Lemma 3.6. If H is a disconnected P4-free 3-graph on n vertices, with δ1pHq ě 1, then
|H| ď
$’’’&’’’%
`
n´3
3
˘` 1, for 6 ď n ď 9,`
n´6
3
˘` 20, for 10 ď n ď 12,`
n´4
2
˘` 3, for n ě 13.
.
Proof. LetH1 be a connected component ofH with the smallest number of vertices. SetH2 “ HrH1,
ni “ |V rHis|, i “ 1, 2. Clearly 3 ď n1 ď n2 “ n´ n1 ď n´ 3.
We argue by induction on n. For the base case 6 ď n ď 9, we use the fact that |Hi| ď |Kp3qni | “
`
ni
3
˘
,
i “ 1, 2. Therefore, a simple optimization shows
|H| “ |H1| ` |H2| ď
ˆ
n1
3
˙
`
ˆ
n2
3
˙
ď 1`
ˆ
n´ 3
3
˙
,
as required.
For the induction step assume n ě 10 and that Lemma 3.6 is true for all disconnected P4-free
3-graphs with less than n vertices and δ1pHq ě 1. Then, as n2 ď n´ 3 we are in position to apply
the induction hypothesis to H2 in case it is disconnected. For H1, as well as, for connected H2 we
apply Lemmas (3.1)-(3.4). Altogether, we claim that, for i “ 1, 2,
|Hi| ď
$’’’&’’’%
`
ni
3
˘
, for ni ď 6,
19, for ni “ 7,`
ni´1
2
˘` 1, for ni ě 8.
(3.2)
Indeed, for ni ď 6 clearly |Hi| ď |Kp3qni | ď
`
ni
3
˘
, whereas for ni “ 7 |Hi| ď 19 follows from Lemma 3.1
combined with δ1pHq ě 1. Finally, to show that |Hi| ď
`
ni´1
2
˘` 1 for ni ě 8, in view of Lemmas
3.2, 3.3, 3.4, and 3.6 (see also Figure 3.1) it is enough to observe that
ˆ
n´ 1
2
˙
` 1 ą
$’’’&’’’%
`
n´3
3
˘` 1, for n ď 10,`
n´6
3
˘` 20, for 8 ď n ď 14,
max
 `
n´3
2
˘` 7, `n´42 ˘` 11, 5n´ 19( , for n ě 8.
(3.3)
In particular, for n ě 8, `n´12 ˘` 1 ą 4n´ 11, as well as, `n´12 ˘` 1 ě 5n´ 18.
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Now we use (3.2) to bound the number of edges in H. Considering separately cases n1 “
3, 4, . . . , tn{2u one gets,
|H| ď
$’’’’’’&’’’’’’%
maxt1` 19, 4` 20, 10` 10u “ `n´63 ˘` 20, for n “ 10,
maxt1` 22, 4` 19, 10` 20u “ `n´63 ˘` 20, for n “ 11,
maxt1` 29, 4` 22, 10` 19, 20` 20u “ `n´63 ˘` 20, for n “ 12,
maxt1` 37, 4` 29, 10` 22, 20` 19u “ `n´42 ˘` 3, for n “ 13.
Therefore it remains to take care of n ě 14. If n1 ď 6, then n2 ě 8 and thus |H1| ď
`
n1
3
˘
,
|H2| ď
`
n2´1
2
˘` 1, yielding
|H| ď max
"ˆ
n´ 4
2
˙
` 2,
ˆ
n´ 5
2
˙
` 5,
ˆ
n´ 6
2
˙
` 11,
ˆ
n´ 7
2
˙
` 21
*
“
ˆ
n´ 4
2
˙
` 2.
For n1 “ 7, |H1| ď 19 and hence
|H| ď
$&%19` 19 ă
`
n´4
2
˘` 3, for n “ 14,`
n´8
2
˘` 20 ă `n´42 ˘` 3, for n ě 15.
Finally, if n1 ě 8, then also n2 ě 8 and thus |Hi| ď
`
ni
2
˘` 1, i “ 1, 2. But then, clearly
|H| “ |H1| ` |H2| ď
ˆ
n1 ´ 1
2
˙
`
ˆ
n2 ´ 1
2
˙
` 2 ă
ˆ
n´ 4
2
˙
` 3. 
Now we are ready to prove Theorems 1.1, 1.4, and 1.5.
Proof of Theorem 1.1. We argue by induction on n. For the base case n ď 6 the assumption easily
follows from the fact that every minimal 4-path has at least 7 vertices, whereas for n “ 7 we use
Lemma 3.1.
Next, we let n ě 8 and observe that as S`1n is a P4-free 3-graph with
`
n´1
2
˘` 1 edges, we get
expn;P4q ě
ˆ
n´ 1
2
˙
` 1.
To obtain the reverse bound on expn;P4q we let H to be a P4-free 3-graph on n ě 8 vertices and
with at least
`
n´1
2
˘ ` 1 edges. We argue that H “ S`1n for n ě 9, whereas for n “ 8, H “ S`1n
or H P tSP 8, SK8u, which will end the proof. To this end we consider separately connected and
disconnected P4-free 3-graphs. In the former case Lemma 3.3 together with
`
n´4
2
˘` 11 ă `n´12 ˘` 1
tells us that M3 Ę H. Further, as for n ě 8 we have 5n ´ 18 ď
`
n´1
2
˘ ` 1 with the equality only
for n “ 8, in view of Lemma 3.4 we learn that for n ě 9, H is C4-free, whereas for n “ 8 the only
possibility to have C4 Ď H is H P tSP 8, SK8u. Finally we use Lemma 3.2 to deduce that the only
tP4, C4,M3u-free 3-graph with at least
`
n´1
2
˘` 1 edges is S`1n , as required (see Figure 3.1, Table 1
and (3.1)).
Now, to exclude the disconnected case we first assume that δ1pHq ě 1 and use Lemma 3.6
combined with (3.3). Finally, if H contains an isolated vertex v, then we can apply the induction
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hypothesis to H ´ v, obtaining
|H| “ |H ´ v| ď expn´ 1;P4q ă
ˆ
n´ 1
2
˙
` 1,
which ends the proof. 
Proof of Theorem 1.4. The proof is similar to the proof of Theorem 1.1. Let H be a P4-free 3-graph
on the set of vertices V , |V | “ n ě 9 with |H| “ exp2qpn;P4q. Moreover, as we are computing
the second order Turán number and Expn;P4q “ tS`1n u for n ě 9, we may assume that H Ę S`1n .
Because both 3-graphs SPn and CBn are P4-free and are not contained in S`1n , we have the lower
bound
|H| “ exp2qpn;P4q ě max
"
5n´ 18,
ˆ
n´ 3
2
˙
` 7
*
“
$&%5n´ 18, for n ď 11,`n´3
2
˘` 7, for n ě 12. (3.4)
We argue that H “ SPn for n ď 11 and H “ CBn for n ě 12. The proof is by induction on n.
First assume that H is connected and notice that since
`
n´4
2
˘`11 ă `n´32 ˘`7 for n ě 9, Lemma 3.3
yields M3 Ę H. Therefore, since 4n´ 11 ă 5n´ 18, in view of Lemmas 3.2 and 3.4 combined with
H Ę S`1n , either H “ SPn or H “ CBn, as required (see Figure 3.1, Table 1 and (3.1)).
In the disconnected case Lemma 3.6 tells us that δ1pHq “ 0, because clearly
`
n´4
2
˘` 3 ă `n´32 ˘` 7
and for n ď 12 the bound obtained in this lemma is smaller than 5n´ 18 (see Table 1). Thus we let
v be an isolated vertex of H. For the base case, n “ 9 we use Theorem 1.1, getting
|H| “ |H ´ v| ď exp8,P4q “ 22 ă 27 “ 5n´ 18.
For the induction step assume n ě 10 and that Theorem 1.4 is true for n´ 1 in place of n. Now
observe, that because H Ę S`1n , we also have H ´ v Ę S`1n´1, and consequently,
|H| “ |H ´ v| ď exp2qpn´ 1,P4q “
$&%5n´ 23, for n ď 12,`n´4
2
˘` 7, for n ě 13,
contradicting (3.4). 
The proof of Theorem 1.5 is very similar to the one of Theorem 1.4, and therefore we left it to
the Reader (see Figure 3.1, Table 1, and (3.1)).
§4. Seven vertices - proof of Lemma 3.1
4.1. 2-colored graphs without a forbidden pattern. In the whole subsection we consider only
ordinary 2-graphs, therefore for simplicity of notation we omit the superscript p2q here. We prove
two lemmas needed in the proof of Lemma 3.1, where link graphs, R and B, of two given vertices are
considered. However, before we state them, one more piece of notation is needed. Let two graphs, R
and B, on the same vertex set be given. We define an rr-bb-path PRB4 “ to be a subgraph of
RYB consisting of 4 edges, r1, r2 P R and b1, b2 P B, such that r1r2b1b2 is the 4-edge path P4. By
T Y teu we denote a graph on five vertices consisting of a complete graph on three vertices T “ K3
and a single edge e, disjoint from V rT s. We start with two technical facts used in further proofs.
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Fact 4.1. Let R and B be two graphs on the same 5-vertex set, such that PRB4 Ę RYB. If K2,3 Ď R,
then |B| ď 4 and either B Ď T Y teu or |R| ` |B| ď 11.
Proof. We let K2,3 Ď R and B Ę T Y teu, since otherwise |B| ď 4, and the assertion follows. Note
that due to PRB4 Ę RYB, whenever |K2,3 XB| “ 1, then four pairs of
`
V
2
˘
, shown in Figure 4.1paq
with dashed lines, are forbidden for B. In particular |K2,3XB| ď 1 causes B Ď T Yteu, and thus we
may assume |K2,3 XB| ě 2. Further, M2 Ď K2,3 XB entails |B| ď 3 (see Figure 4.1pbq) and |B| “ 3
yields |R| ď 8 (see Figure 4.1pcq). Therefore in this case, either B Ď T Y teu or |R| ` |B| ď 11, as
required. Finally, if P2 Ď K2,3 XB, then B Ď T Y teu (see Figure 4.1pdq), and the assertion follows
again. 
paq pbq pcq pdq peq pfq pgq
Figure 4.1. The illustration to the proofs of Facts 4.1 and 4.2.
Fact 4.2. Let R and B be two graphs on the same 5-vertex set, such that PRB4 Ę RYB. If C5 Ď R
and |R| ě 6, then |B| ď 4.
Proof. We let C5 Ď R. Now, if |C5 XB| “ 1 then |Cc5 XB| ď 3 and thus |B| ď 4, as required (see
Figure 4.1peq). Further, for |C5 XB| ě 2 we have |B| ď 3 (see Figure 4.1pfq) and we are done again.
Finally, let C5 XB “ ∅, that is B Ď Cc5. Then |B| ě 5 entails B “ Cc5 (see Figure 4.1pgq). This, in
turn, due to the symmetry, yields R “ C5, contradicting |R| ě 6. 
It turns out that if two graphs, R and B, on the same 5-vertex set do not contain PRB4 , then
|R| ` |B| ď 13.
Lemma 4.3. Let R and B be two graphs on the same vertex set V “ tv, a, b, x, yu, such that
PRB4 Ę RYB. Then |R| ` |B| ď 13 and, if |R| ` |B| ě 12, |R| ě |B|, then up to the isomorphism
one of the following holds, (see Figure 4.2),
(A ) R Ď K5rV s ´ tabu, B Ď T Y tabu, where T “ K3rtv, x, yus “ tvx, vy, xyu;
(B ) R “ K5rV s, B “ tab, xyu;
(C ) R “ B “ K4rta, b, x, yus, where K4 is a complete graph on the vertex set ta, b, x, yu;
(D ) R “ S5 Y tab, xyu, B “ S5 Y tax, byu, where S5 “ tva, vb, vx, vyu.
Proof. Let two graphs, R and B, on the same vertex set V “ tv, a, b, x, yu, with PRB4 Ę RYB be
given. Moreover, let |R| ` |B| ě 12, |R| ě |B|, and thereby 2 ď |B| ď |R| ď 10 and |R| ě 6. We will
show that one of (A )-(D ) occurs. In what follows we assume that B ĘM2, because otherwise (B )
holds.
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(A ) (B ) (C ) (D )
Figure 4.2. All RYB on 5 vertices and with |R| ` |B| ě 12, such that PRB4 Ę RYB.
First observe that |R| ě 8 entails K2,3 Ď R. Then Fact 4.1 combined with |R| ` |B| ě 12 tells us
that B Ď T Y teu. Moreover, B ĘM2 yields |B X T | ě 2. But |R| ě 8 and thus there are at least 4
edges of R between V rT s and e. Therefore, to avoid PRB4 Ď RYB, we have e R R, and hence (A )
follows.
Further, for |R| ď 7 we have |B| ě 5 and thus Facts 4.1 and 4.2 yield that R contains neither
K2,3 nor C5. If K4 Ď R, then to avoid PRB4 in RYB, every edge e P B with |eX V rK4s| “ 1 is an
isolated edge in B (see Figure 4.3paq), entailing |B| ď 4. Therefore B Ď K4 and hence, using again
PRB4 Ę RYB, also R Ď K4, yielding (C ).
paq pbq v pcq pdq
a b
x
y
v
peq pfq pgq
Figure 4.3. The illustration to the proof of Lemma 4.3.
Now, as every 5-vertex graph with at least 7 edges contains at least one of the graphs, K2,3, C5, or
K4, as a subgraph, we may assume that |R| ď 6 and thereby |B| “ |R| “ 6. First consider ∆pRq “ 4
and let degRpvq “ 4. Note that P2 Ę BrV r tvus (see Figure 4.3pbq). Thus |BrV r tvus| ď 2, and
|B| “ 6 entails S5 Ď B, where S5 “ tva, vb, vx, vyu, and BrV r tvus “M2 (see Figure 4.3pcq). By
the symmetry, RrV r tvus ĎM2 and, to avoid a copy of PRB4 , RXBrV r tvus “ ∅, yielding (D ).
Finally we let ∆pRq ď 3 and |R| “ |B| “ 6. The only (up to the isomorphism) tK2,3, C5,K4, S5u-
free graph G “ tab, by, xy, ax, bx, yvu with 6 edges on the vertex set V is given in Figure 4.3pdq.
Observe that any two edges of one of the triangles abx, xyv or byv given in Figure 4.3peq-pgq in blue,
create, together with R, a copy of PRB4 . Therefore |B| ď 5, a contradiction. 
Lemma 4.4. Let R and B be two graphs on the same 5-vertex set, such that PRB4 Ę R Y B. If
∆pRq,∆pBq ď 3, and at least three vertices of both R and B have degree at most 2, then |R|`|B| ď 10.
Proof. For the sake of contradiction assume that |R|` |B| ě 11 and let |R| ě 6. Owing to the degree
restriction we also have maxt|R|, |B|u ď 6, so 5 ď |B| ď |R| “ 6. There are exactly two 5-vertex
graphs with the degree sequence p2, 2, 2, 3, 3q: a pentagon C5 with one diagonal, and K2,3. But then,
in view of Facts 4.1 and 4.2, |B| ď 4, a contradiction. 
4.2. Proof of Lemma 3.1. Let H be a P4-free 3-graph on a 7-vertex set V and with at least 20
edges. We will show that H “ Kp3q6 YK1, which will end the proof of Lemma 3.1. To this end pick
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two vertices, x, y P V , with the largest pair degree degHpx, yq “ ∆2pHq and set Z “ V r tx, yu. We
let
R “ LHpxqrZs and B “ LHpyqrZs
be the link graphs of x and y, respectively, induced on Z. Then,
|H| “ degHpx, yq ` |R| ` |B| ` |HrZs| ě 20. (4.1)
Moreover we have 3 ď degHpx, yq ď 5. Indeed, the upper bound is a trivial consequence of |Z| “ 5,
while the lower bound follows from
ř
x,yPV degHpx, yq “ 3|H| ě 60.
We start with estimating the number of edges in the 3-graph HrZs induced on Z.
Claim 4.5. (i ) If degHpx, yq “ 5, then |HrZs| ď 2.
(ii ) If degHpx, yq “ 4, then |HrZs| ď 4. Moreover, if additionally |HrZs| “ 4, then HrZs “
K
p3q
4 rNHpx, yqs is a complete 3-graph on the vertex set NHpx, yq.
(iii ) If degHpx, yq “ 3, then |HrZs| ď 6.
Proof. Clearly, if |HrZs| ě 3, then there are in HrZs two edges sharing two vertices, say, abc and
bcd. Set z for the unique element of Z r ta, b, c, du. Observe that if both z and a are common
neighbors of x, y, then the sequence zxyabcd is a minimal 4-path in H (see Figure 4.4paq). As for
degHpx, yq “ 5 each vertex of Z is a common neighbor of x, y, the above observation establishes (i ).
paq
z a b c d
x y pbq pcq
Figure 4.4. The illustration to the proof of Claim 4.5.
For the proof of (ii ), instead of looking at edges e P HrZs, we will look at their complement
edges ec “ Z r e in Z. (For example the green 2-edges in Figure 4.4pbq are complement edges of the
3-edges abc, bcd P HrZs in Figure 4.4paq.) In view of this definition, the above observation reads
as follows. If there are two adjacent complement edges of HrZs such that at least one of them
is contained in NHpx, yq, then H contains a minimal 4-path (see Figure 4.4paq, pbq). Therefore if
|HrZs| ě 4, then all complement edges contain the unique vertex of Z rNHpx, yq (see Figure 4.4pcq)
and thereby HrZs “ Kp3q4 rNHpx, yqs is a complete 3-graph on the vertex set NHpx, yq.
Finally, to prove (iii ) note that (4.1) together with degHpx, yq “ ∆2pHq “ 3 entails
17` 2|HrZs| ď |R| ` |B| ` 3|HrZs| “
ÿ
a,bPZ
degHpa, bq ď
ˆ
5
2
˙
¨∆2pHq “ 30. 
Having established Claim 4.5 we proceed with the proof of Lemma 3.1. To this end look at the link
graphs R and B, and observe that the P4-freeness of H entails PRB4 Ę RYB (see Figure 4.5paq).
First assume degHpx, yq “ ∆2pHq “ 3. This implies that in each graph, R and B, the vertices
z1, z2, z3 P NHpx, yq have degree at most 2, while the remaining two vertices of Z have degree at
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paq pbq
f
g
h
x y
z
(A )
e
(B ) (C ) (D )
Figure 4.5. The illustration to the proof of Lemma 3.1.
most 3. Hence, by Lemma 4.4, |R| ` |B| ď 10. On the other hand, Claim 4.5(iii ) together with
(4.1) tell us that |R| ` |B| ě 11, a contradiction.
Preparing for the remaining two cases, we make the following observation due to the P4-freeness
of H. Suppose there is a 3-edge h P HrZs and two 2-edges, f P R and g P B such that f X h “ ∅,
f XNHpx, yq ‰ ∅ and g Ă h. Then, for any vertex z P f XNHpx, yq, 3-edges fx, zxy, yg, h form a
minimal 4-path in H, a contradiction (see Figure 4.5pbq). Note further that in the above argument
one can exchange the graphs R and B.
Next, let degHpx, yq “ 5. Then (4.1) and Claim 4.5(i ) entails |R| ` |B| ě 13. Consequently, in
view of Lemma 4.3, |HrZs| “ 2 and |R| ` |B| “ 13, and thereby there is a 2-edge e P `Z2˘ such that,
R “ Kp2q5 rZs ´ e, B “ Kp2q3 rZ r es Y e, because all the other graphs described in (A )-(D ) satisfy
|R| ` |B| ď 12 (see Figure 4.5pAq). Now writing Z “ ta, b, cu Y e, we let h “ ea, f “ bc and g “ e,
which satisfy the assumptions in the previous paragraph and thus yield a contradiction.
Finally, let degHpx, yq “ 4, and write N – NHpx, yq. In view of (4.1) combined with Claim 4.5(ii ),
|HrZs| ď 4 and |R|` |B| ě 12. Then again, Lemma 4.3 tells us that one of (A )-(D ) holds. Moreover
the condition ∆2pHq “ degHpx, yq “ 4 entails that only the unique vertex of ZrN can have degree 4
in R, and thus the cases R “ Kp2q5 rZs and R “ Kp2q5 rZs´e are excluded. Note that all the remaining
2-graphs RYB with |R|`|B| ě 12, described in Lemma 4.3, namely R “ Kp2q5 rV s´te, e1u, B “ TYe,
(C ), and (D ), satisfy |R|` |B| “ 12, implying that |HrZs| “ 4 and thus HrZs “ Kp3q4 rN s. Moreover,
they have the property that every 3-vertex set h Ă Z contains an edge of both 2-graphs R and B
(see Figure 4.5pAq, pCq, pDq), and, as degHpx, yq “ 4, every edge of RYB intersects N . Therefore,
if RYB Ę K4rN s, one can take pf, gq P pR,Bq Y pB,Rq with f Ę N and h “ Z r f P HrZs, g Ď h,
yielding a contradiction with the P4-freeness of H (see Figure 4.5pbq). Thus, we conclude that
R Y B Ď Kp2q4 rN s and |R| ` |B| “ 12 implies that R “ B “ Kp2q4 rN s. Altogether H “ Kp3q6 YK1,
as required.
§5. Proofs of Lemmas 3.2 and 3.3
5.1. Structure of P4-free 3-graphs. In this subsection we gather some basic information about
the structure of connected P4-free 3-graphs. We begin by showing that such 3-graphs may contain
at most three disjoint edges. To this end, let us make the following observations.
Fact 5.1. For every connected P4-free 3-graph H the following holds.
(i ) If e1, e2 P H are disjoint, then there exists an edge f P H intersecting both e1 and e2.
(ii ) If e1, e2 P H are disjoint and f, h P H are such that f X e1 ‰ ∅, f X e2 ‰ ∅, h X e1 “ ∅,
and hX e2 ‰ ∅, then f X h ‰ ∅.
16 J. HAN, J. POLCYN, AND A. RUCIŃSKI
(iii ) If e1, e2, e3, f, h P H are such that e1, e2, e3 are pairwise disjoint, f X e1 ‰ ∅, f X e2 ‰ ∅,
f X e3 “ ∅, hX e2 ‰ ∅, and hX e3 ‰ ∅, then hX e1 ‰ ∅.
(iv ) If e1, e2, e3 P H are pairwise disjoint, then there exists an edge intersecting all the three edges
e1, e2, and e3.
Proof. To prove (i ) observe that in a connected 3-graph every pair of disjoint edges, e1 and e2, is
connected by a minimal path P . If additionally there is no edge in H intersecting both e1 and e2,
then P consists of at least four edges.
For the proof of (ii ) note that otherwise e1fe2h would form a minimal 4-path in H. Next, to
show (iii ) observe that h X e1 “ ∅ together with (ii ) entails f X h ‰ ∅ and, since f X e3 “ ∅,
e1fhe3 is a minimal 4-path in H, a contradiction.
Finally, to deduce (iv ) we apply (i ) twice getting two (not necessary different) edges f, h P H,
such that f intersects e1 and e2, while h intersects e2 and e3. If, additionally, f X e3 ‰ ∅, we are
done. Otherwise (iii ) yields hX e1 ‰ ∅, which conclude the proof. 
Now we are ready to prove the promised, crucial fact.
Lemma 5.2. If H is a connected P4-free 3-graph, then νpHq ď 3.
Proof. Suppose that νpHq ě 4 and fix four disjoint edges e1, e2, e3, e4 P H. Double application of
Fact 5.1(iv ) entails the existence of two edges, f, h P H, such that f intersects e1, e2, e3, while h
intersects e2, e3, e4. Clearly hX e1 “ ∅ and thus, due to Fact 5.1(ii ), f X h ‰ ∅. But then e1fhe4
is a minimal 4-path in H, a contradiction. 
As a preparation towards the proofs of Lemmas 3.2 and 3.3, we now make an attempt to
characterize all connected P4-free 3-graphs with at least two disjoint edges. As an exception, in
this section, in order to distinguish between ordinary graphs (2-graphs) and 3-graphs, we will use
notation F , with subscripts, for single 3-graphs rather than families of 3-graphs. (But we keep H
unchanged, as it clearly associates itself with hypergraphs.)
To this end, recall that a hypergraph F is intersecting if f X f 1 ‰ ∅ for every f, f 1 P F . Similarly,
a pair pF ,F 1q of hypergraphs is called cross-intersecting, if for all f P F , f 1 P F 1 we have f X f 1 ‰ ∅.
It turns out that every connected P4-free 3-graph H with νpHq P t2, 3u, can be described as follows.
Lemma 5.3. Every P4-free connected 3-graph H with νpHq “ 2 on the set of vertices V , can be
partitioned into three edge-disjoint 3-graphs H “ F1 Y¨ F2 Y¨ F12, such that
(i ) V rF1s X V rF2s “ ∅,
(ii ) the 3-graphs F1 and F2 are non-empty intersecting families,
(iii ) F12 ‰ ∅,
(iv ) the pair pF1 Y¨ F2,F12q is cross-intersecting.
Lemma 5.4. Every P4-free connected 3-graph H with νpHq “ 3 on the set of vertices V , can be
partitioned into five edge-disjoint 3-graphs H “ F1 Y¨ F2 Y¨ F3 Y¨ F12 Y¨ F123, such that
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(i ) the sets V rF1s, V rF2s, and V rF3s are pairwise disjoint, and V rF12s X V rF3s “ ∅,
(ii ) the 3-graphs F1, F2, and F3 are non-empty intersecting families,
(iii ) F123 ‰ ∅,
(iv ) the pairs pF1 Y¨ F2 Y¨ F3 Y¨ F12,F123q and pF1 Y¨ F2,F12q are cross-intersecting.
Proof of Lemmas 5.3 and 5.4. Let H be a given P4-free connected 3-graph on V , and let k “ νpHq,
k “ 2, 3. Fix a largest matching Mk “ te1, . . . , eku Ă H. Now, for each I Ď rks, FI is defined to be
the set of all edges of H that intersect every ei, i P I, and none of ej , j P rksr I. Clearly ei P Ftiu,
F∅ “ ∅ and
H “
ď¨
IĎrks
FI .
For simplicity of notation, we write F123 instead of Ft1,2,3u, F12 instead of Ft1,2u, etc.
First note that in view of Fact 5.1(iii ), for k “ 3 at most one of F12,F13,F23, say F12, is nonempty.
Now, if for some vertex v P V r pŤiPrks eiq there are two edges f, h P H such that v P f X h, f P Fi
and h P Fj Y Fjk, ti, j, ku “ t1, 2, 3u, then eifhej is a minimal 4-path in H. But H is P4-free and
thus the sets V rF1s, V rF2s, and V rF3s are pairwise disjoint, and V rF12s X V rF3s “ ∅, establishing
(i ). Consequently, as νpHq “ k and ei P Fi for each i P rks, every Fi is a non-empty intersecting
family, and thus (ii ) follows.
Further, F12 ‰ ∅ and F123 ‰ ∅ result from Fact 5.1(i ) and (iv ), respectively. Finally, Fact
5.1(ii ) tells us that the pairs pF1 Y¨ F2,F12q and pF1 Y¨ F2 Y¨ F3 Y¨ F12,F123q (for k “ 3), are
cross-intersecting. 
5.2. Proof of Lemma 3.2. Let H be a tP4, C4,M3u-free connected 3-graph on the set of vertices
V , |V | “ n ě 8, and let H Ę S`1n , H Ę SPn, and H Ę CBn. We are to show that
|H| ď max
"
4n´ 11,
ˆ
n´ 4
2
˙
` 10
*
. (5.1)
To prove this observe that because H Ę Sn, if νpHq “ 1, then in view of Theorem 1.3, |H| ď
3n´ 8 ă 4n´ 11, and we are done. Therefore, as H is M3-free, we may assume νpHq “ 2 and take
a partition
H “ F1 Y¨ F2 Y¨ F12
guaranteed by Lemma 5.3. Recall that both F1 and F2 are non-empty intersecting families, F12 ‰ ∅,
and the pair pF1 Y¨ F2,F12q is cross-intersecting. For i “ 1, 2, let Si Ď V pFiq be the set of vertices s
that lie in all edges of Fi. Clearly, si – |Si| satisfies 0 ď si ď 3 and without loss of generality we
may assume 0 ď s2 ď s1 ď 3.
Set V1 “ V rF1s, V2 “ V r V1, and note that V rF2s Ď V2. A pair p of vertices in Vi is called
a 2-cover of Fi if it intersects every edge of Fi, i.e., p X f ‰ ∅ holds for all f P Fi. Denote by
Pi Ď
`
Vi
2
˘
the collection of all 2-covers of Fi. Now (5.1), and thereby Lemma 3.2, is a straightforward
consequence of the following claim.
Claim 5.5. (i ) If s1 ě s2 ě 2 then |H| ď 4n´ 11.
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(ii ) If s1 “ 3, s2 “ 1, H Ę S`1n , and H Ę SPn, then |H| ď 4n´ 11.
(iii ) If s1 “ 2, s2 “ 1, and H Ę CBn, then |H| ď max
 
4n´ 11, `n´42 ˘` 10(.
(iv ) If s1 “ s2 “ 1 then |H| ď max
 
4n´ 11, `n´42 ˘` 10(.
(v ) If s2 “ 0 then |H| ď max
 
4n´ 11, `n´42 ˘` 10(.
Proof. Let us start with the proof of (i ), that is s1 ě s2 ě 2. To this end, for each i “ 1, 2 pick an
edge ei P Fi, and set W “ V r pe1 Y e2q, |W | “ n´ 6. Then for every z PW ,
degF1YF2pzq ď 1 (5.2)
follows from s1, s2 ě 2 and V rF1s X V rF2s “ ∅.
Now, let u,w P W in the case n “ 8, and u,w, v P W otherwise, be vertices with the largest
degrees in F12, such that
degF12puq ě degF12pwq ě degF12pvq.
We may assume that degF12pwq ě 2. Otherwise, as Hˆ “ Hre1 Y e2 Y tuus has no isolated vertices,
Lemma 3.1 tells us |Hˆ| ď 19, and by (5.2) for n ě 8 we have
|H| “ |Hˆ| `
ÿ
zPWrtuu
pdegF1YF2pzq ` degF12pzqq ď 19` 2pn´ 7q ď 4n´ 11.
We contend
degHpuq ` degHpwq ď 10 and degF12pvq ď 3, (5.3)
which ends the proof. Indeed, observe that the absence of C4 in H entails |Hre1Y e2s| ď 11, because,
the set of edges of Kp3q6 can be partitioned into 10 pairs of disjoint edges, and any two of these pairs
form C4. Therefore (5.3) combined with (5.2) tells us
|H| “ |Hre1 Y e2s| ` degHpuq ` degHpwq `
ÿ
zPWrtu,wu
pdegF1YF2pzq ` degF12pzqq ď 4n´ 11.
To show (5.3), instead of looking at the degrees of u, w, and v it is more convenient for us to look
at their link graphs in F12,
R “ LF12puq, B “ LF12pwq, and G “ LF12pvq.
Because every edge of F12 intersects both e1 and e2, actually R,B,G Ď Kp2q3,3 re1 Y¨ e2s.
We first note that the tC4,P4u-freeness of H entails some forbidden configurations of edges
of R, B and G. In particular, there are no two distinct vertices x, y P ei, i “ 1, 2, such that
degRpxq, degBpyq ě 2 (see Figure 5.1paq, pbq, similar with G in place of R or B). This immediately
entails that if for some i “ 1, 2, there are two distinct vertices x, y P ei with
degRpxq ě 2 and degRpyq ě 2 then for all z P ei degBpzq ď 1. (5.4)
In particular, whenever |R| ě 6, then B is a matching and thus |B| ď 3. Moreover, as there are no
three disjoint edges in Kp2q3,3 re1 Y¨ e2s, such that at least two of them are in R and at least two of
them are in B (see Figure 5.1pcq, pdq), because |B| “ degF12pwq ě 2, we have |R| ď 7 and if |R| “ 7
then |B| “ 2. Indeed, otherwise |R| “ 7 and |B| “ 3 yields either two disjoint edges in RXB (see
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Figure 5.1pcq), or three disjoint edges, two in B and one in R and one edge in R connecting the
R-edge with the B-edge, entailing the existence of a minimal 4-path in H (see Figure 5.1peq).
paq pbq pcq pdq peq
Figure 5.1. Forbidden configurations of edges of R and B.
Further, repeated applications of (5.4) tells us that |R| “ |B| “ 5 is possible only when R “ B “ .
But then RXB contains two disjoint edges, contradicting C4-freeness of H (see Figure 5.1pcq). For
the same reason |G| ď 3. Indeed, otherwise |R| ě |B| ě |G| ě 4 and all of these three graphs have
the same two vertices of degree larger than one. Thus R,B,G Ď (each of them misses at most one
edge) and hence the intersection of some two of them contains two disjoint edges, again arriving at a
contradiction. Summarizing all these observations so far, we obtain
|R| ` |B| ď 9 and degF12pvq “ |G| ď 3. (5.5)
Therefore to establish (5.3) it remains to show that degHpuq ` degHpwq ď 10.
To this end, assume for the sake of a contradiction that degHpuq ` degHpwq ě 11. Then (5.5)
combined with (5.2) tells us that
degF1YF2puq “ degF1YF2pwq “ 1 and |R| ` |B| “ 9
Without loss of generality we may assume that the edge f P F1 Y F2 with w P f belongs to F1.
Recalling that s1 ě 2 we infer |e1X f | “ 2. Now, as every edge of F12 intersects each one of e1, e2, f ,
we actually have R Ď Kp2q2,3 rpe1 X fq Y¨ e2s and thus |R| ď 6. Therefore, because |R| ` |B| “ 9 entails
|R| ě 5, for tx, yu “ e1 X f we have degRpxq ě 2 and degRpyq ě 2. Hence (5.4) tells us |B| ď 3 and
if |R| “ 6, |B| “ 3, then RXB contains two disjoint edges, a contradiction (see Figure 5.1pcq).
Before we move to the proof of (ii )-(v ) let us show a few simple facts. First note, that for i “ 1, 2,
degPipvq ď 3 for all v P Vi r Si. (5.6)
Indeed, because v is not a 1-cover of Fi, there exists an edge f P Fi with v R f . On the other hand,
all 2-covers in Pi intersect f . Hence NPipvq Ď f and degPipvq ď |f | “ 3 follows. Moreover, as for
every edge h P Fi we have |f r h| ď 2, one can also deduce that if v P h, then |NPipvq r h| ď 2.
Thus, in view of (5.6),
|Pi| ď
$’’’&’’’%
7, for si “ 0,
|Vi| ` 3, for si “ 1,
2|Vi| ´ 2, for si “ 2.
(5.7)
To see this, take any edge h P Fi and consider neighborhoods in Pi of vertices of h. Clearly, as
every 2-cover in Pi intersects h, we have Pi Ď
!
p P `V2˘ : pX h ‰ ∅). For si “ 0 observe that if
there is at most one 2-cover in Pi entirely contained in h, then there are at most six 2-covers in
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Pi that contain exactly one vertex with h. Similarly, when h contains two 2-covers (they share a
vertex), the number of 2-covers in Pi that contain exactly one vertex with h is at most five; and
when h contains three 2-covers, this number is at most three. For si “ 1 we let h “ ts, v, wu, where
s is the unique 1-cover of Fi. Now, because ts, vu, ts, wu P Pi, degPipsq ď |Vi| ´ 1, degPipvq ď 3,
and degPipwq ď 3, we actually have |Pi| ď p|Vi| ´ 1q ` 2 ` 2. For si “ 2 similar analysis implies
|Pi| ď p|Vi| ´ 1q ` p|Vi| ´ 2q ` 1.
Next observe that, as each edge h P F12 intersects every edge of F1 YF2 and V rF1s X V rF2s “ ∅,
we have h “ s Y p, where s P Si, p P Pj , ti, ju “ t1, 2u. Therefore we can split F12 “ FC12 Y¨ FB12,
where
FC12 “ tsY p P F12 : s P S1, p P P2u and FB12 “ tpY s P F12 : p P P1, s P S2u.
Using the absence of C4 and a member of P4 in H, one can prove the following fact. Denote by
Bi Ď Pi, i “ 1, 2, the set of 2-covers of Fi with at least two neighbors in F12.
Fact 5.6. For i “ 1, 2, Bi is an intersecting family. In particular,
|FC12| ď |P2| ` ps1 ´ 1q ¨ |B2| ď |P2| ` ps1 ´ 1q ¨maxt3,∆pP2qu, and
|FB12| ď |P1| ` ps2 ´ 1q ¨ |B1| ď |P1| ` ps2 ´ 1q ¨maxt3,∆pP1qu. (5.8)
Proof. Suppose two 2-covers p, q P Bi of Fi are disjoint and recall that si ď 3. Then H contains
either a member of P4 (see Figure 5.2paq) or C4 (see Figure 5.2pbq), a contradiction. To see (5.8)
recall that the only 2-uniform intersecting families are the triangle and the star, and thus consist
of at most maxt3,∆pPiqu edges. The inequality degF12ppq ď si follows from NF12ppq Ď Si for every
p P Pj , ti, ju “ t1, 2u. 
paq p
q
pbq p
q
pcq pdq
V1
p
q
s
peq
V1
p
q
s pfq
V1
p
q
s pgq
V1
p
q
s
Figure 5.2. The illustration of the proofs of Fact 5.6 and Claim 5.5(ii ).
For |Vi| “ 4, i “ 1, 2, every pair of vertices of Vi is a 2-cover of Fi and thereby Pi “ Kp2q4 rVis,
yielding |Pi| “ 6 and ∆pPiq “ 3. Thus, in this case (5.8) reads as,
If |Vi| “ 4 then |FB12| ď 3s2 ` 3 or |FC12| ď 3s1 ` 3, for i “ 1, 2, respecively. (5.9)
Now observe that for |Vi| “ 5, i “ 1, 2, each 3-edge of Fi is disjoint from exactly one pair of vertices
of Vi (see Figure 5.2pcq). Therefore, for all distinct x, y P Vi either tx, yu P Pi or Vi r tx, yu P Fi,
and hence
If |Vi| “ 5 then |Fi| ` |Pi| “
ˆ
5
2
˙
“ 10. (5.10)
Combining this equality with ∆pP2q ď 4 and |FC12| ď |P2| ` 4ps1 ´ 1q ensured by (5.8), one gets
If |V2| “ 5 and s1 ě 1 then |F2| ` |FC12| ď 4s1 ` 6. (5.11)
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For the rest of the proof we assume s2 ď 1 and if s2 “ 1, denote by s the unique element of S2.
Proof of (ii ). We let s1 “ 3 and thereby |F1| “ 1 and |V2| “ n´ 3 ě 5. As H Ę S`1n and H Ę SPn,
there are at least two edges h, h1 P FC12 disjoint from s. Further, if possible, we choose such h, h1 so
that p– hX V2 and q – h1 X V2 are distinct.
First observe, that p ‰ q. Indeed, otherwise, by our choice of h and h1, all edges in FC12 ´ s share
the same pair p Ď V2 r tsu. This implies that p P B2 and |FC12 ´ s| ď 3. By (5.6), s R p and B2 is
intersecting, the former implies that |B2 ´ p| ď 2. Thus, the number of edges in FC12 that contain
s is at most p|V2| ´ 1q ` ps1 ´ 1q|B2 ´ p| ď n, implying that |FC12| ď n ` 3. As every edge of F2
intersects both s and p, one can estimate
|F2| ď 2p|V2| ´ 3q ` 1 “ 2n´ 11.
Putting everything together, we obtain for n ě 8,
|H| “ |F1| ` |FB12| ` |F2| ` |FC12| ď 1` 3` p2n´ 11q ` pn` 3q “ 3n´ 4 ă 4n´ 11.
Now we proceed by induction on n ě 8 and first consider the base case n “ 8. For the sake of
contradiction suppose |H| ě 22. Since by Fact 5.6 B2 is intersecting, |B2| ď 4 and thus,
|H| “ |F1| ` |FB12| ` |F2| ` |FC12|
(5.8)ď 1` 3` |F2| ` |P2| ` ps1 ´ 1q ¨ |B2| (5.10)“ 14` 2|B2| ď 22,
where we used |FB12| ď 3. Therefore the equalities go through meaning |FB12| “ 3, |B2| “ 4, and
degF12prq “ 3 for every r P B2. This, in turn, entails that the link graph of s in F12 is a complete
bipartite graph Kp2q3,4 rV1 Y¨V2rtsus and B2 is a star with center s. But then, as p ‰ q, no matter where
the edges h, h1 P FC12 ´ s are, H contains a minimal 4-path, a contradiction (see Figure 5.2pdq-pgq).
Next suppose n ě 9 and we shall find a vertex of degree at most four so that we could apply
induction and conclude the proof. If there are two edges f1, f2 P F2 with f1 X f2 “ tsu, set
U – f1 Y f2. Otherwise, F2 “ Kp3q4 ´ e and we define U – V rF2s. Clearly |U | ď 5 and thus we can
take a vertex v P V2rU . Now every 2-cover p P P2´ s of F2 is entirely contained in U and therefore
the only neighbor in P2 of v is s, yielding degFC12pvq “ |NFC12psvq| ď |S1| “ 3. Moreover, because
every edge f P F2 contains s and intersects both 2-covers p, q P P2 ´ s, we have degF2pvq ď 1. As
degFB12pvq “ degF1pvq “ 0, altogether we obtain degHpvq ď 4 and we are done.
Proof of (iii ). Let s1 “ 2 and s2 “ 1, yielding |V1| ě 4, |V2| ě 4, |F1| ď |V1| ´ 2, and |F2| ď
`|V2|´1
2
˘
.
Moreover, in view of (5.7) one gets |FB12| ď |P1| ¨ s2 “ |P1| ď 2|V1| ´ 2. Now, if there exists an
edge h P FC12 disjoint from S2, then because each edge of F2 contains s and intersects h, we have
|F2| ď 2p|V2| ´ 3q ` 1 “ 2|V2| ´ 5. Further, applying (5.7) combined together with (5.8) yields,
|FC12| ď |P2| ` ps1 ´ 1q ¨maxt3,∆pP2qu ď p|V2| ` 3q ` p|V2| ´ 1q “ 2|V2| ` 2.
Summarizing,
|H| “ |F1|`|FB12|`|F2|`|FC12| ď p|V1|´2q`p2|V1|´2q`p2|V2|´5q`p2|V2|`2q “ 4n´|V1|´7 ď 4n´11.
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Otherwise s is contained in all edges of FC12 (so in fact in all edges of F12 Y F2) and thus
|FC12| ď 2p|V2| ´ 1q. Because H Ę CBn, we have |V1| ě 5, entailing |V2| ď n´ 5. Then,
|H| ď p|V1| ´ 2q ` p2|V1| ´ 2q `
ˆ|V2| ´ 1
2
˙
` 2p|V2| ´ 1q “
ˆ|V2| ´ 2
2
˙
` 3n´ 8 ď
ˆ
n´ 4
2
˙
` 10.
Before we proceed observe that for ti, ju “ t1, 2u and each s1 P Sj , HrVi Y ts1us is an intersecting
family. Indeed, this follows from that Fi “ HrVis is intersecting, the pair pFi,F12q is cross-intersecting,
and each edge h P HrVi Y ts1us with s1 P h is in F12. Therefore the celebrated Erdős–Ko–Rado
theorem [2] tells us, that for |Vi| ě 5,
|HrVi Y ts1us| ď
ˆ|Vi|
2
˙
. (5.12)
Moreover, if there is an edge h P HrVi Y ts1us such that hX Si “ ∅, then for |Vi| ě 5,
|HrVi Y ts1us| ď 3|Vi| ´ 5. (5.13)
For |Vi| “ 5 the above bound follows from (5.12), whereas for |Vi| ě 6 one can use Hilton-Milner
theorem (Theorem 1.3), as Fi Y F12rVi Y ts1us is a non-trivial intersecting family. This is because
only vertices of Si belong to all edges of Fi and Fi ‰ ∅, but hX Si “ ∅.
Proof of (iv ). We let s1 “ s2 “ 1, which entails |Vi| ě 4. Observe, that
HrV1 Y S2s “ F1 Y FB12 and HrV2 Y S1s “ F2 Y FC12.
Therefore, as clearly for |Vi| “ 4 we have |HrVi Y Sjs| ď
`5
3
˘ “ 10, ti, ju “ t1, 2u, in view of (5.12),
|H| ď max
"
10,
ˆ|V1|
2
˙*
`max
"
10,
ˆ|V2|
2
˙*
ď
ˆ
n´ 4
2
˙
` 10,
for n ě 9 1, whereas for n “ 8 one gets |H| ď 10` 10 ď 4 ¨ 8´ 11.
Proof of (v ). Let s2 “ 0 and thereby FB12 “ ∅ yielding H “ F1 Y¨ F2 Y¨ FC12. Moreover, |V2| ě 4
and since FC12 “ F12 ‰ ∅, s1 ě 1, which implies |F1| ď
`|V1|´1
2
˘
. If |V2| “ 4, then |V1| “ n´ 4 ě 4
entailing s1 ď 2, and therefore (5.9) tells us |FC12| ď 9. Thus, for n ě 8 we have,
|H| “ |F1| ` |F2| ` |FC12| ď
ˆ
n´ 5
2
˙
` 4` 9 ď
ˆ
n´ 4
2
˙
` 10.
Now, let |V2| ě 5, and pick any s1 P S1. In view of S2 “ ∅, (5.13) tells us, |HrV2Yts1us| ď 3|V2|´5.
Moreover, by the definition of B2, (5.6), (5.7), and Fact 5.6 we have |FC12´s1| ď |P2|`|B2| ď 7`3 “ 10.
Summarizing,
|H| ď
ˆ|V1| ´ 1
2
˙
` p3|V2| ´ 5q ` 10 ď max
"
4n´ 11,
ˆ
n´ 4
2
˙
` 10
*
,
where |H| ď 4n´ 11 can be checked for 3 ď |V1| ď 5, and |H| ď
`
n´4
2
˘` 10 for |V1| ě 6 2. 
1In particular, when |V1|, |V2| ě 5, the inequality can be checked using |V1||V2| ě 4pn´ 5q ě `n2˘´ `n´42 ˘´ 10.
2The inequality holds for |V2| “ 5. For |V2| ě 6, we have `n´42 ˘´ `|V1|´12 ˘ “ `n´42 ˘´ `n´|V2|´12 ˘ ě 3pn´ 6q ě 3|V2|.
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5.3. Proof of Lemma 3.3. Let H be a connected P4-free 3-graph on the set of vertices V ,
|V | “ n ě 9, with νpHq “ 3. Lemma 3.3 follows from
|H| ď
ˆ
n´ 4
2
˙
` 11, (5.14)
with the equality achieved if and only if H is the balloon Bn. To prove this inequality we let
H “ F1 Y¨ F2 Y¨ F3 Y¨ F12 Y¨ F123
to be a partition guaranteed by Lemma 5.4. Set V1 “ V rF1s, V3 “ V rF3s and V2 “ V r pV1 Y V3q,
and recall
(i ) V rF2s Ă V2, V1 X V3 “ ∅, and V rF12s X V3 “ ∅,
(ii ) the 3-graphs F1, F2, and F3 are non-empty intersecting families,
(iii ) F123 ‰ ∅,
(iv ) the pairs pF1 Y¨ F2 Y¨ F3 Y¨ F12,F123q and pF1 Y¨ F2,F12q are cross-intersecting.
Further, for each i “ 1, 2, 3 pick an edge ei P Fi and split the set of edges of F12 into two subsets,
F12 “ F in12 Y¨ Fout12 , where
F in12 “ tf P F12 : f Ă e1 Y e2u and Fout12 “ tf P F12 : |f X e1| “ |f X e2| “ 1u.
Because every edge of F12 intersects both e1 and e2, we have
H “ F1 Y¨ F2 Y¨ F3 Y¨ F in12 Y¨ Fout12 Y¨ F123. (5.15)
The proof of (5.14) mainly relies on two technical claims enabling us to bound the number of
edges in F12 Y F123. In the first of them we estimate the size of F123 Y F in12.
Claim 5.7. |F123| ` |F in12| ď 18. Moreover, if |F123| ` |F in12| “ 18 then F123 Y F in12 is a star.
Proof. As every edge h P F123 intersects each one of e1, e2 and e3, we trivially have |F123| ď 27, but
this estimate can be improved. Let G Ď Kp2q3,3 re1 Y e2s be an auxiliary bipartite graph with vertex
classes e1 and e2, consisting of all pairs tu, vu P e1 ˆ e2 for which there exists a vertex w P e3 such
that uvw P F123. It turns out that the number of edges in F123 can exceed |G| only by at most 6,
|F123| ď |G| ` 6. (5.16)
Indeed, clearly any edge of G can be extended to at most 3 edges of F123 (see Figure 5.3paq).
However, due to the P4-freeness of H, there can be no two disjoint edges f1, f2 P G and three different
vertices w1, w2, w3 P e3, such that f1w1, f1w2, f2w2, f2w3 are all edges in F123, as they would form a
minimal 4-path in H (see Figure 5.3pbq). Similarly, there are no disjoint edges f1, f2, f3 P G and
vertices w1, w2 P e3 with f1w1, f2w1, f2w2, f3w2 P F123 (see Figure 5.3pcq). To avoid such structures,
any two disjoint edges in G can be extended, in total, to at most 4 edges of F123, and any three
disjoint edges of G can be extended, in total, to at most 5 edges of F123. Therefore, to conclude
(5.16) it is enough to observe, that the set of edges of Kp2q3,3 can be partitioned into three disjoint
matchings M p2q3 , say MR,MG,MB (see Figure 5.3pdq). Now, for each i P tR,G,Bu, GXMi can be
extended to at most |GXMi| ` 2 edges of F123.
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Figure 5.3. Extensions of edges of G and decomposition of Kp2q3,3 into matchings.
Next, let us note that
|G| ě 4 entails |F in12| ď 6. (5.17)
To show this, recall that every edge f P F in12 intersects each uvw P F123 and thereby also every
uv P G. As there are only five pairwise non-isomorphic subgraphs of Kp2q3,3 with four edges (all listed
in Figure 5.4paq-peq), a simple case analysis enables us to establish (5.17).
paq pbq pcq pdq peq pfq pgq phq piq
Figure 5.4. All 4-edge subgraphs of Kp2q3,3 and forbidden edges of G and F in12 .
Finally observe that
F in12 ‰ ∅ entails |G| ď 7, and |F in12| ě 5 yields |G| ď 5. (5.18)
Indeed, as pF in12, Gq is cross-intersecting, the existence of any edge in F in12 forbids two pairs from G
(see Figure 5.4pfq). Moreover, among every 5 edges of F in12 there are two, f1, f2, sharing at most one
vertex. Therefore, as every edge g P G intersects both f1 and f2, out of all 9 edges of Kp2q3,3 at least
four are forbidden for G, yielding |G| ď 5 (see Figure 5.4pgq,phq).
Now we are ready to finish the proof of Claim 5.7. To this end assume
|F123| ` |F in12| ě 18 (5.19)
and note that, in view of (5.16), this entails |G| ` |F in12| ě 12. Combining this estimate with (5.17)
and (5.18) one can conclude that |G| ď 3. Indeed, as |G| ď 9 we have F in12 ‰ ∅ and thus |G| ď 7.
Next, assuming |G| ě 4 we get |F in12| ď 6 and |G| ď 5, implying |G| ` |F in12| ď 11.
To exclude |G| ď 2 let us recall again thatpF in12, Gq is cross-intersecting, and observe that because
every edge ofG is disjoint from four edges of F in12 (see Figure 5.4piq), |G| “ 1 results |F in12| ď 18´4 “ 14.
Similarly, |G| “ 2 entails |F in12| ď 11. As every edge of G can be extended to at most 3 edges of F123,
in both cases |F123| ` |F in12| ď 17. But this, together with G ‰ ∅ guaranteed by (iii ), contradicts
(5.19). Thus, |G| “ 3 and thereby |F in12| ě 9. A quick inspection shows that this is possible only
when both G and F in12 are stars with the same center. 
Our next goal is to bound the number of edges in Fout12 .
Claim 5.8. If there exists a vertex v P V r pe1Y e2Y e3q with degF12pvq ě 4, then |H| ď
`
n´4
2
˘` 10.
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Proof. We let v P V r pe1 Y e2 Y e3q to be a vertex with degF12pvq ě 4. Split the vertex set
V “ R Y¨ S Y¨ V3, where
R “ e1 Y e2 Y tvu, S “ V r pRY V3q,
and RX V3 “ ∅ follows from (i ).
We begin by proving, that every vertex w P S satisfies
degHpwq ď 7. (5.20)
Indeed, we let h P F123 to be an edge guaranteed by (iii ), and set txiu “ hX ei, i “ 1, 2, 3. Now (iv )
tells us, that every edge f P F12 intersects h and thus contains at least one of the vertices x1, x2. This
entails degF12pwq ď 5 (see Figure 5.5paq), and therefore it remains to show that degF1YF2pwq ď 2.
wpaq
e1 e2
x1 x2
pbq v
e1 e2
x1 x2
f pcq w v
e1 e2
f
pdq v
e1 e2 e3
x1 x2
f
h1
Figure 5.5. Possible neighbours of w P S in F12 and F1. The link graphs of w and
v are denoted by red and blue 2-edges, respectively.
For this purpose, recall that in view of (i ) every vertex w P S can have positive degree only in one
of the graphs F1,F2, say F1. Next observe, that there exists an edge f P F12 disjoint from tx1, wu,
because only three out of at least four edges of F12 containing v can be incident to x1 (see Figure
5.5pbq). Now, repeated application of (iv ) tells us that every edge e P F1 intersects both h and f ,
and thereby contains x1 and one of two vertices of f r e2. Clearly w is contained in at most two of
such edges (see Figure 5.5pcq).
Further we claim that
|F123| ď 3, (5.21)
because every edge h1 P F123 contains both x1 and x2. Indeed, if not, let h1 “ x11x12x13 and say x2 ‰ x12.
Then, as in view of (iv ), every edge of F12 intersects both h and h1, either NF12pvq Ď tx1u ˆ e2 if
x1 “ x11, or NF12pvq Ď tx11x2, x1x12u otherwise, contradicting degF12pvq ě 4.
Now we are ready to finish the proof of Claim 5.8. To this end denote |V3| “ t, and thereby
|S| “ n´ 7´ t, as clearly |R| “ 7. Moreover, we let
HS “ th P H : hX S ‰ ∅u,
and observe that (i ) entails
H “ F3 Y¨ F123 Y¨HrRs Y¨HS .
Next note, that Lemma 3.1 combined with P4-freeness of H tells us |HrRs| ď 19, and (iv ) yields
x3 P f for each f P F3, causing |F3| ď
`
t´1
2
˘
. Altogether, in view of (5.20) and (5.21), for n ě 8,
|H| “ |F3| ` |F123| ` |HrRs| ` |HS | ď
ˆ
t´ 1
2
˙
` 3` 19` 7pn´ 7´ tq ď
ˆ
n´ 4
2
˙
` 10,
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as the left hand side of the last inequality achieves its maximum for either t “ 3 or t “ n´ 6. 
Having established the above claims we proceed with the proof of (5.14). To this end, recall
that (iii ) combined with (iv ) entail, that for each i “ 1, 2, 3, Fi is a star, and thus |Fi| ď
`|Vi|´1
2
˘
.
Therefore, in view of (i ), by simple optimization,
|F1| ` |F2| ` |F3| ď
ˆ
n´ 7
2
˙
` 2,
with the equality achieved if and only if one of the 3-graphs Fi, i “ 1, 2, 3 is a full star on n ´ 6
vertices, whereas two remaining 3-graphs each consists of a single edge. Further, we may assume
that each vertex v P V r pe1 Y e2 Y e3q satisfies degF12pvq ď 3, and thereby |Fout12 | ď 3pn ´ 9q,
since otherwise Claim 5.8 tells us that |H| ď `n´42 ˘ ` 10, and (5.14) follows without the equality.
Combining these observations together with (5.15) and Claim 5.7 one gets
|H| “ p|F1| ` |F2| ` |F3|q` p|F123| ` |F in12|q` |Fout12 | ď
ˆ
n´ 7
2
˙
` 2` 18` 3pn´ 9q “
ˆ
n´ 4
2
˙
` 11,
as required. It remains to show that the equality in the above bound is achieved if and only if H is
a balloon.
Indeed, clearly if |H| “ `n´42 ˘` 11, then equalities in the above formula go through. In particular,
if n “ 9, then Fout12 “ ∅, Fi, i “ 1, 2, 3, is a single edge and F123YF in12 is a star with center in e1Y e2.
It is easy to see that H “ B9.
Now assume n ě 10, |Fout12 | “ 3pn´ 9q and thus |V rF12s| “ n´ 3 yielding, in view of (i ), |V3| “ 3.
Therefore, as |F1| ` |F2| ` |F3| “
`
n´7
2
˘` 2, without loss of generality we may assume that F1 is a
full star on n´ 6 ě 4 vertices, whereas |F2| “ |F3| “ 1. Let c P e1 be the center of F1. As the pair
pF1,F12 Y F123q is cross-intersecting and F123 Y F in12 is a star, the center of F123 Y F in12 must also
be c as for any vertex v ‰ c, the full star F1 contains an edge not containing v. Finally, since F123
contains all possible 9 edges containing c and the pair pF123,F12q is cross-intersecting, every edge of
Fout12 contains c as well. Altogether F1 Y F12 Y F123 is a star, whereas F2 and F3 are single edges,
and thereby H “ Bn.
§6. Proofs of Lemmas 3.4 and 3.5
Let H be a connected P4YtM3u-free 3-graph on the set of n vertices V , n ě 8, such that C4 Ď H.
Denote by
C “ tx1y1y2, x1z1z2, x2y1y2, x2z1z2u
a copy of C4 contained in H, and set V rCs “ Z “ tx1, x2, y1, y2, z1, z2u, W “ V r Z.
Lemmas 3.4 and 3.5 are straightforward consequences of the following two lemmas.
Lemma 6.1. If there exist two vertices u,w PW with degree in H at least 5, and moreover either
(i ) |HrZ Y tu,wus| ě 22 or
(ii ) there is a further vertex v PW r tu,wu with degHpvq ě 5,
then H Ď SPn.
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Lemma 6.2. If there exist two vertices u,w PW , such that
(i ) |HrZ Y tu,wus| ě 22 and
(ii ) degHpwq ď 4,
then H Ď SKn.
Indeed, assume first that there are two vertices u,w P W , such that |H Y tu,wu| ě 22. Then,
either degHpuq,degHpwq ě 5 and thus, in view of Lemma 6.1, H Ď SPn, or the degree in H of one
of these vertices, say w, is at most 4. Then Lemma 6.2 tells us that H Ď SKn.
So let for every pair of vertices u,w P W , |HrZ Y tu,wus| ď 21. If there are three vertices
u,w, v PW , with the degree in H at least 5, then due to Lemma 6.1, H Ď SPn. Otherwise choose
u,w PW in such a way, that for all v PW r tu,wu, degHpvq ď 4. Then,
|H| “ |HrZ Y tu,wus| `
ÿ
vPWrtu,wu
degHpvq ď 4n´ 11.
Altogether, either H Ď SPn, H Ď SKn, or |H| ď 4n´11. Now, as SKn Ę SPn, |SPn| “ 5n´18,
and |SKn| “ 4n´ 10, Lemmas 3.4 and 3.5 follows from
5n´ 18 ě 4n´ 10 ą 4n´ 11,
for n ě 8, with the equality only for n “ 8.
6.1. Preliminaries. We begin with a series of technical results which will be helpful in the proofs
of Lemmas 6.1 and 6.2. Throughout, we denote by u and w arbitrary vertices of W . The P4YtM3u-
freeness of H implies that for all edges h P H
|hX Z| ě 2 , hX Z ‰ ty1, y2u , hX Z ‰ tz1, z2u. (6.1)
Let us partition H into four edge-disjoint sub-3-graphs,
H “ HZ YH0 YH1 YH2,
where HZ “ HrZs and, for i “ 0, 1, 2,
H i “ th P H rHZ : |hX tx1, x2u| “ iu.
The first inequality in (6.1) implies that the link graph LHpwq of every vertex w P W is entirely
contained in
`
Z
2
˘
. Moreover, the above partition of H induces a corresponding partition of LHpwq,
LHpwq “ H0pwq YH1pwq YH2pwq,
where H ipwq “ LHipwq “ te P LHpwq : |eX tx1, x2u| “ iu. Observe, that
|H0pwq| ď 4 , |H1pwq| ď 8 , and |H2pwq| ď 1, (6.2)
where the first inequality holds, because in view of (6.1), ty1, y2u, tz1, z2u R LHpwq, and thus H0pwq
is a subgraph of the 4-cycle y1z1y2z2.
Our first result describes the structure of H1pwq and, as a consequence, halves the upper bound
on |H1pwq|.
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Fact 6.3. For every w PW , H1pwq is either a star (with the center at x1 or x2) or a subgraph of
one of the 4-cycles: Cy “ x1y1x2y2 or Cz “ x1z1x2z2. In particular, |H1pwq| ď 4.
Proof. If there were two disjoint edges in H1pwq, one contained in Cy and the other in Cz, say
tx1, y2u and tx2, z1u, then y1y2x1wx2z1z2 would form a minimal 4-path in H, a contradiction (see
Figure 6.1). So, either all edges of H1pwq are contained in one of the cycles, Cy or Cz, or they form
a star. 
x1
y2
x2
z1y1
z2
w
Figure 6.1. A minimal 4-path y1y2x1wx2z1z2 in H and all possible edges of link
graphs H1pwq.
It is convenient to break the 3-graph HZ into three further sub-3-graphs,
HZ “ H0Z YH1Z YH2Z , where H iZ “ th P HZ : |hX tx1, x2u| “ iu, i “ 0, 1, 2.
Note that C Ď H1Z , |H0Z | ď
`4
3
˘ “ 4, |H1Z | ď 2`42˘ “ 12, and |H2Z | ď `41˘ “ 4.
The next result lists several basic observations on the above defined subgraphs, all stemming from
the P4-freeness of H.
Fact 6.4. Let h, h1 P C be disjoint and let, for some vertex w PW , an edge e P H1pwq be contained
in h. Then there is no edge f P H ´w disjoint from e and intersecting both h and h1. Consequently,
for any two distinct vertices u,w PW , the following properties hold,
(i ) if e P H1puq and e1 P H1pwq are disjoint, then there exist disjoint h, h1 P C such that e Ă h
and e1 Ă h1;
(ii ) the pair of 2-graphs pH0puq, H1pwqq is cross-intersecting;
(iii ) if e P H1pwq and f P H0Z YH1Z , f R C, then eX f ‰ ∅;
(iv ) if H1pwq ‰ ∅ then |H1Z | ď 10;
(v ) if |H1puq YH1pwq| ě 2 then |H1Z | ď 9 and |HZ | ď 15;
(vi ) if |H1puq YH1pwq| ě 3 then |H1Z | ď 8 and |HZ | ď 13;
(vii ) if |H1pwq| “ 4 then |HZ | ď 12;
(viii ) if |H1puq YH1pwq| ě 7 then |HZ | ď 8;
(ix ) if H1pwq is a star with four edges and the center x1 or x2, then H Ď SPn.
Proof. Suppose that h, h1 P C, w PW , e P H1pwq, and f P H ´ w are such that hX h1 “ ∅, e Ă h,
and f X h “ hr e and f X h1 ‰ ∅. Then, regardless of the location of f , the 3-edges we, h, f , and
h1 form a minimal 4-path in H (see Figure 6.2), contradicting the P4-freeness of H. So the main
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statement is proved, and consequently, (i )-(iii ) follow. Indeed, if (i ), (ii ), or (iii ) were not true, then
we would be looking at the forbidden configurations in Figure 6.2paq, pbq or pcq, pdq, respectively.
In turn, (iii ) implies (iv )-(viii ). Indeed, (iv ) follows from the bound |H1Z | ď 12 as, in view of
(iii ), H1pwq ‰ ∅ excludes two edges from H1Z . Similarly, in (v ), considering five different cases with
respect to the location of the two edges of H1puq YH1pwq, we may exclude (by applying (iii )) at
least 3 edges of H1Z and at least 5 edges of H0Z YH1Z . By the same token, in (vi ), we exclude at
least 4 edges of H1Z and at least 7 edges of H0Z YH1Z . For the proof of (vii ), recall that Fact 6.3 tells
us that H1pwq is either a 4-arm star or one of the cycles Cy or Cz. In both cases, via (iii ), it wipes
out at least 4 edges of H1Z and at least 8 edges of H0Z YH1Z . We leave case (viii ) for the Reader.
Finally, to prove (ix ), assume, without loss of generality, that H1pwq is a 4-edge star with the
center x1. Now observe that by (i )-(iii ) every edge of H, except for x2y1y2 and x2z1z2 (which form
P “ P p3q2 disjoint from tx1u), contains both x1 and a member of V rP s “ ty1, y2, x2, z1, z2u, entailing
H Ď SPn. Indeed, (ii ) yields that H0puq “ ∅ and H1puq Ď H1pwq holds by (i ). Moreover (iii )
tells us that H0Z “ ∅ and whenever f P H1Z r C, x1 P f . 
w
h1
h
fu
f P H1
paq
h1
h f
w u
f P H0
pbq
h1
h
f
w
f P H1Z
pcq
h1
h
f
w
f P H0Z
pdq
Figure 6.2. Illustration to the proof of Fact 6.4.
Corollary 6.5. For all distinct u,w PW ,
(i ) H1puq ‰ ∅ñ |H0pwq| ď 2;
(ii ) H0puq ‰ ∅ñ |H1pwq| ď 2.
Proof. Observe that for any edge e P H1puq, there exist at most two edges in H0pwq which intersect
e. Similarly, by Fact 6.3, for any edge e P H0puq there are at most two edges in H1pwq sharing a
vertex with e. Consequently, by Fact 6.4(ii ), both assertions follow. 
Corollary 6.6. If there is a vertex u P W with degHpuq ě 6, then the degree of every vertex
w P W r tuu is at most 3. Moreover, if additionally degHpwq “ 3, then |H2pwq| “ 1, that is,
wx1x2 P H.
Proof. Let degHpuq ě 6 and let w PW r tuu. By (6.2) and Fact 6.3, both sets, H0puq and H1puq,
must be nonempty and at least one of them of size at least three, say |H1puq| ě 3. But then, by
Corollary 6.5(ii ), |H1pwq| ď 2 and H0pwq “ ∅. Hence,
degHpwq “ |LHpwq| “ |H0pwq| ` |H1pwq| ` |H2pwq| ď 0` 2` 1 “ 3
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and if degHpwq “ 3, then |H2pwq| “ 1. 
Fact 6.7. If ux1x2, wx1x2 P H2 and e P H0pwq, then there is no f P HrV r tx1, x2, u, wus with
f X e ‰ ∅. It follows that H0Z “ ∅. Moreover, if |H0pwq| ě 2, then for every v P W r tu,wu, we
have H0pvq “ ∅.
Proof. To prove the first statement, it is enough to observe that whenever ux1x2, x1x2w P H,
e P H0pwq, and f P HrV r tx1, x2, u, wus, f X e ‰ ∅, then edges ux1x2, x1x2w, we, and f form
a minimal 4-path in H. As e uses two of the four vertices of V rH0Zs, there is no room for an
f P H0Z with f X e “ ∅, and so H0Z “ ∅. Furthermore, if |H0pwq| ě 2 and e1 P H0pvq then
f “ e1v P HrV r tx1, x2, u, wus and there exists e P H0pwq such that f X e “ e1 X e ‰ ∅, a
contradiction. 
Fact 6.8. If ux1x2 P H2 and H0pwq ‰ ∅, then |H0Z | ` |H2Z | ď 4.
Proof. Let fu “ ux1x2 P H2 and fw P H0, w P fw. Without loss of generality we may assume that
fw “ wy2z1. Observe that H0Z YH2Z can be partitioned into four pairs of edges,
tx1x2y1, y1y2z1u, tx1x2y2, y1z1z2u, tx1x2z1, y1y2z2u, tx1x2z2, y2z1z2u,
such that each of them, together with edges fu and fw, forms a minimal 4-path in H (see Figure
6.3). Consequently, from each of these pairs only one edge may belong to HZ . 
w
u
x2
x1
y1 z1 z2
fu, tx1, x2, y1u, ty1, y2, z1u, fw
u
x2
x1
y1
y2
z1
z2
fu, tx1, x2, y2u, fw, ty1, z1, z2u
w u
x2
x1
y1
y2
z1
z2
w
fu, tx1, x2, z1u, fw, ty1, y2, z2u
w
u
x2
x1
y1 y2 z2
fu, tx1, x2, z2u, ty2, z1, z2u, fw
Figure 6.3. A minimal 4-paths with edges fu (blue) and fw (green).
Fact 6.9. If ux1x2 P H2 and |H0pwq| ě 2, then |H1Z | ď 8, |H2Z | ď 2 and |HZ | ď 12.
Proof. Let fu “ ux1x2 P H2 and e, e1 P H0pwq. Regardless of whether e X e1 “ ∅ or not, every
f P H1Z intersects at least one of e or e1. Suppose that there is f P HZ , disjoint from exactly one of
the edges e and e1, say e. Then fu, f , e1w, and we form a minimal 4-path in H, a contradiction.
Since there are exactly two edges of H1Z disjoint from e and two other edges of H1Z disjoint from e1,
we have |H1Z | ď 12´ 4 “ 8. In view of Fact 6.8, this implies that
|HZ | “ |H1Z | ` |H0Z | ` |H2Z | ď 8` 4 “ 12.
Similarly, there exists in H2Z at least one edge intersecting e and disjoint from e1 and at least one
edge intersecting e1 and disjoint from e, implying |H2Z | ď 4´ 2 “ 2. 
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Fact 6.10. If |H0puq| ě 3 and |H0pwq| ě 3, then |HZ | ď 13.
Proof. Observe that, if e P H0pwq and e1 P H0puq XH0pwq are two disjoint edges, then there is no
f P HZ with f X e1 “ ∅, because otherwise edges f , ew, we1 and e1u would form a minimal 4-path
in H. As there are exactly four triples in
`
Z
3
˘
disjoint from e1, the presence of such e, e1 eliminates 4
edges from HZ (see Figure 6.4paq, pbq).
Further note, that since |H0puq| ě 3, |H0pwq| ě 3, and both H0puq, H0pwq are subgraphs of the
cycle y1z1y2z2, there are at least two edges e, e1 P H0puq XH0pwq. If eX e1 “ ∅, then every triple in`
Z
3
˘
disjoint from e1 intersects e and vice versa (see Figure 6.4pcq). Therefore, |HZ | ď 20´ 2 ¨ 4 “ 12,
better than needed.
Otherwise e and e1 share a vertex, and there are two further edges eˆ, eˆ1 P H0puq YH0pwq, such
that e X eˆ “ ∅ and e1 X eˆ1 “ ∅ (see Figure 6.4pdq). Hence, we can apply the above elimination
scheme to these two pairs. As there is exactly one triple in
`
Z
3
˘
disjoint from both e and e1, by
sieve principle, we eliminate from HZ exactly 4` 4´ 1 “ 7 edges, leading to the required bound
|HZ | ď 20´ 7 “ 13. 
x2
x1
y1
y2 z1
z2u
wf
e “ y1z2, e1 “ y2z1
paq
x2
x1
y1 y2
z1 z2u
w
f
e “ y1z2, e1 “ y2z1
pbq
x2
x1
y1
y2 z1 z2
u
w
e “ y1z2, e1 “ y2z1
e, e1 P H0puq XH0pwq, eX e1 “ ∅
pcq
x2
x1
y1
y2 z1 z2
e “ y1z1, e1 “ y2z1, eˆ “ y2z2, eˆ1 “ y1z2
e, e1 P H0puq XH0pwq, eX e1 ‰ ∅
pdq
Figure 6.4. paq, pbq: a minimal 4-path tf, ew,we1, e1uu; pcq, pdq: e, e1 P H0puq XH0pwq.
Fact 6.11. If Sp2q4 Ď LHpwq, then |HZ | ď 14.
Proof. Recall that LHpwq Ď
`
Z
2
˘
. Let tuv1, uv2, uv3u be in LHpwq and set Zr tu, v1, v2, v3u “ tx, yu
(see Figure 6.5paq). If for some i P r3s, fi “ xyvi P HZ , then none of the six triples f Ă Z,
such that u R f and |f X fi| “ 2, can belong to HZ , since otherwise the edges fi, f, uwvj , uwvk,
ti, j, ku “ t1, 2, 3u, would form a minimal 4-path, contradicting the P4-freeness of H. Thus,
|HZ | ď 20´ 6 “ 14 (see Figure 6.5pbq).
Therefore, assume now that f1, f2, f3 R HZ . Again by the P4-freeness of H, from each of the three
disjoint sets of triples,
tuv1x, v2v3x, v2v3yu, tuv2x, v1v3x, v1v3yu, tuv3x, v1v2x, v1v2yu,
at most two triples may belong to HZ and, consequently, |HZ | ď 20 ´ 3 ´ 3 “ 14 (see Figure
6.5pcq). 
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u
x
y
v1
v2
v3
A startuv1, uv2, uv3u
paq
u
x
y
v1
v2
v3
f3
f
w
A minimal 4-path
tf3, f, v2wu, uwv1u
pbq
u
x
y
v1
v2
v3
w
A minimal 4-path
tyv2v3, v2v3x, xuv1, uv1wu
pcq
Figure 6.5. paq: a star in Hpwq; pbq, pcq: minimal 4-paths in H.
Fact 6.12. If LHpwq “ Sp2q5 is a star with the center in ty1, y2, z1, z2u and |HZ | ě 14, then
H Ď SKn.
Proof. Without loss of generality we may assume that y1 is the center of the star LHpwq. Thus,
LHpwq “ ty1v : v P Au, where A “ tx1, x2, z1, z2u. Let us denote by KA the complete 3-graph on A.
We will prove that
H Ď KA Y Spy1, Aq “ SKn,
which boils down to showing that for each edge f P H with f Ę A we have f XA ‰ ∅ and y1 P f .
Recall that each f P H satisfies |f X Z| ě 2 and f X Z ‰ ty1, y2u. Therefore, for all f P H, we
have f XA ‰ ∅. Consequently, we only need to show that if f Ę A, then y1 P f .
Let us begin with f P HZ . By Fact 6.4(iii ), for all f P pH0Z YH1Zqr C we have f X tx1, y1u ‰ ∅
and f X tx2, y1u ‰ ∅, and thus, y1 P f . So, we are done with HZ , except that we still need to rule
out the presence of the edge x1x2y2 in H.
The above established fact that y1 P f for all f P pH0Z Y H1Zq r C implies that |H0Z | ď 3 and
|H1Z | ď 8, and, in turn, |H2Z | “ |HZ | ´ |H0Z | ´ |H1Z | ě 14 ´ 3 ´ 8 “ 3. But triples x1x2y2, x1x2z1,
wy1z1, and wy1z2 form a minimal 4-path, and the same is true with x1x2z1 replaced by x1x2z2 and
the last two edges reversed. Thus, in order to satisfy |H2Z | ě 3, we must have x1x2y2 R H2Z , while
x1x2z1, x1x2z2 P H2Z .
Turning to the edges of H rHZ , recall that all edges of H containing w contain also y1. Next,
fix an arbitrary vertex u P V r pZ Y twuq, and observe, that x1x2z1 P H2Z entails ux1x2 R H,
and thus H2puq “ ∅, because otherwise H would contain a minimal 4-path consisting of edges
ux1x2, x1x2z1, wy1z1, and wy1z2. Finally, note that, by Fact 6.4(ii ), all edges of H0puq intersect
tx1, y1u and tx2, y1u, while all edges of H1puq intersect ty1, z1u and ty1, z2u. This implies that for
all e P LHpuq “ H0puq YH1puq, the condition y1 P e holds. In summary, for all f P H rHZ , we
have y1 P f , which ends the proof. 
6.2. Proofs of Lemmas 6.1 and 6.2.
Proof of Lemma 6.1. Assume, for the sake of a contradiction, that the assumptions of Lemma 6.1
are satisfied, but H Ę SPn. Let u,w P W be two vertices with degree in H at least 5. In view of
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Corollary 6.6, we actually have
degHpuq “ degHpwq “ 5.
Then Corollary 6.5 combined with (6.2) and Fact 6.3 tells us that this is possible only if |H2puq| “
|H2pwq| “ 1 and one of the following is true:
(i ) |H0puq| “ |H0pwq| “ 4;
(ii ) |H1puq| “ |H1pwq| “ 4;
(iii ) |H0puq| “ |H1puq| “ |H0pwq| “ |H1pwq| “ 2.
Case (i ) is impossible – otherwise, the vertices y1z2uy2z1wx1x2 would form a minimal 4-path in H.
If we are in case (ii ), then because H Ę SPn, Fact 6.3 together with Fact 6.4(ix ), ensures that
both H1puq and H1pwq are 4-cycles, either Cy “ x1y1x2y2 or Cz “ x1z1x2z2. Now, Fact 6.4(i )
entails, that exactly one of them, say H1puq, equals Cy, whereas the other one H1pwq “ Cz. But
then |H1puq YH1pwq| ě 7, and thus, in view of Fact 6.4(viii ), |HZ | ď 8 yielding
|HrZ Y tu,wus| “ |HZ | ` degHpuq ` degHpwq ď 8` 5` 5 “ 18 ă 22.
Therefore there exists a vertex v P W r tu,wu, with degHpvq ě 5. Another application of
Corollary 6.5(ii ) with v in place of u says, that H0pvq “ ∅, again by Facts 6.3 and 6.4(ix ), either
H1pvq “ Cy or H1pvq “ Cz. But, because already H1puq “ Cy and H1pwq “ Cz, in view of Fact
6.4(i ) this is impossible, namely, we arrive at a contradiction.
Finally, in case (iii ), one can observe that, by Fact 6.9, |H1Z | ď 8 and |H2Z | ď 2, while, by
Fact 6.7, H0Z “ ∅ and for every v P W r tu,wu, H0pvq “ ∅. Altogether, we get |HZ | ď 10 and,
consequently, |HrZ Y tu,wus| ď 20. Hence there is a vertex v PW r tu,wu with degHpvq ě 5. Now,
Corollary 6.5(ii ) says |H1pvq| ď 2, and so degHpvq “ |H0pvq| ` |H1pvq| ` |H2pvq| ď 3, yielding a
contradiction with degHpvq ě 5. 
Proof of Lemma 6.2. Let u,w PW be two vertices, such that
(i ) |HrZ Y tu,wus| ě 22 and
(ii ) degHpwq ď 4.
We will show that H Ď SKn, which will end the proof. Set Hˆ “ HrZ Y tu,wus.
Because LHpuq Ď
`
Z
2
˘
, the connectivity of H implies HrZ Y tuus ‰ Kp3q6 Y K1, and thereby,
in view of Lemma 3.1, |HrZ Y tuus| ď 19. Consequently, degHpwq ě 3, yielding that at least
one of the graphs, H0pwq or H1pwq, is not empty. Hence, by (6.2), Fact 6.3 and Corollary 6.5,
degHpuq ď 4` 2` 1 “ 7. Similarly, degHpuq ě 3.
Suppose that degHpuq ě 6. Then, in view of the bound degHpwq ě 3, Corollary 6.6 tells us that
degHpwq “ 3 and so H2pwq ‰ ∅. In addition, as |H0puq| ` |H1puq| ě 5, either |H0puq| ě 2 or
|H1puq| “ 4, implying, together with Facts 6.9 (with u and w swapped) and 6.4(vii ), that |HZ | ď 12.
Therefore (i ) entails, that degHpuq “ 7 which, in turn, results |H0puq| ě 2 and H2puq ‰ ∅. But
then Facts 6.9 and 6.7 yield that |H1Z | ď 8, |H2Z | ď 2, and H0Z “ ∅. Consequently,
|Hˆ| “ |H0Z | ` |H1Z | ` |H2Z | ` degHpuq ` degHpwq ď 0` 8` 2` 7` 3 “ 20,
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contradicting (i ).
Hence, from now on, we assume that degHpuq ď 5. Then, in view of (i ) and (ii ), it follows that
|HZ | ě 22´ 5´ 4 “ 13, implying, via Fact 6.4(vii ), that both |H1puq| ď 3 and |H1pwq| ď 3. We
split the proof into three cases according to the emptiness of H2puq and H2pwq. In particular we
will show that if at least one of these graphs is not empty, then |Hˆ| ď 21, contradicting (i ).
Case 1. H2puq ‰ ∅ and H2pwq ‰ ∅. If, in addition, H0puq “ H0pwq “ ∅, then either |H1puq Y
H1pwq| “ 2 and so, by Fact 6.4(v ),
|Hˆ| “ |HZ | ` degHpuq ` degHpwq ď 15` 3` 3 “ 21,
or |H1puq YH1pwq| ě 3. Then, in view of Fact 6.4(vi ), |HZ | ď 13 and, again, |Hˆ| ď 13` 4` 4 “ 21.
Therefore we may assume, that H0puq YH0pwq ‰ ∅ yielding, together with Fact 6.7, H0Z “ ∅.
Moreover, since |HZ | ě 13, Fact 6.9 tells us that both |H0puq| ď 1 and |H0pwq| ď 1. Finally, by
Fact 6.4(iv )-(vi ), either |H1puq YH1pwq| “ 1 and thus |H1Z | ď 10, |H1puq YH1pwq| “ 2, entailing
|H1Z | ď 9, or |H1puq YH1pwq| ě 3 and then |H1Z | ď 8. That is, |H1Z | ` |H1puq| ` |H1pwq| ď 14 and
the equality holds only if |H1puq| “ |H1pwq| “ 3. Altogether, in all of these cases, as |H2Z | ď 4, and
|H0puq| ` |H2puq| ` |H0pwq| ` |H2pwq| ď 4,
|Hˆ| “ |H0Z | ` |H2Z | ` p|H1Z | ` |H1puq| ` |H1pwq|q ` |H0puq| ` |H2puq| ` |H0pwq| ` |H2pwq| ď 21,
unless |H1puq| “ |H1pwq| “ 3, in which case |Hˆ| ď 21 by using degHpuq ` degHpwq ď 9 and
|H1Z | ď 8.
Case 2. H2puq ‰ ∅ and H2pwq “ ∅ (the proof of the case H2puq “ ∅ and H2pwq ‰ ∅ is similar).
Recall, that |H1pwq| ď 3 and |HZ | ě 13 which implies, together with Fact 6.9, that |H0pwq| ď 1.
Therefore, degHpwq ď 3, because otherwise, |H1pwq| “ 3 and |H0pwq| “ 1. But then, by Facts 6.4(vi )
and 6.8, |H1Z | ď 8 and |H0Z |`|H2Z | ď 4, contradicting |HZ | ě 13. Hence, degHpuq`degHpwq ď 8 from
which we infer that |HZ | ě 14 and, consequently, by Fact 6.4(vi ), |H1pwq| ď 2. Thus, |H0pwq| “ 1
and |H1pwq| “ 2. But then, again by Facts 6.4(v ) and 6.8, |HZ | ď 9` 4 ă 14, a contradiction.
Case 3. H2puq “ H2pwq “ ∅. First observe, that (6.2), Fact 6.3, and Corollary 6.5 tell us
degHpuq, degHpwq ď 4 and, consequently, (i ) yields |HZ | ě 14. Thus, by Fact 6.4(vi ),
|H1puq YH1pwq| ď 2.
Note also that both
|H0puq| ď 2 and |H0pwq| ď 2,
because otherwise Corollary 6.5 and degHpuq,degHpwq ě 3 entail, that |H0puq| ě 3 and |H0pwq| ě 3.
This, however, together with Fact 6.10 implies |HZ | ď 13, a contradiction.
Now, in view of Fact 6.12, to finish the proof it is enough to show that at least one of the
graphs LHpuq or LHpwq, is a star Sp2q5 with the center in ty1, y2, z1, z2u. To this end observe,
that if |H1puq Y H1pwq| “ 2 and either |H0puq| “ |H0pwq| “ 1 or |H1puq| “ |H1pwq| “ 1, then
degHpuq “ degHpwq “ 3 and, in view of Fact 6.4(v ), |HZ | ď 15, yielding |Hˆ| ď 15` 3` 3 “ 21, a
contradiction with (i ).
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Otherwise there exists an edge e P H1puq X H1pwq, and at least one of the graphs, H0puq or
H0pwq, say H0pwq, has two edges. We let tvu “ eXty1, y2, z1, z2u and note, that due to Fact 6.4(ii ),
every edge of H0puq Y H0pwq contains v. Therefore Sp2q4 Ď LHpwq entailing, together with Fact
6.11, |HZ | ď 14, and thereby degHpuq “ degHpwq “ 4. In particular, H0pwq has two edges both
containing v. Finally, a repeated application of Fact 6.4(ii ) reviles, that LHpuq is a star Sp2q5 with
the center v, as required. 
§7. Ramsey numbers
7.1. Shorter paths. Before we turn to proving Theorem 1.2, let us briefly discuss Ramsey numbers
for 3-uniform minimal paths of shorter length. Observe that the family P2 consists of two 3-graphs,
each being a pair of overlapping edges, either in one (a bow) or two vertices (a kite). Therefore,
P2-free 3-graphs are necessarily matchings, that is, consist of disjoint edges only. Consequently,
ex3pn;P2q “ tn{3u, and, by (1.1),
RpP2; rq “ min
"
n :
`
n
3
˘
tn{3u ą r
*
,
or, asymptotically, RpP2; rq „
?
2r, as r Ñ8. For small r, in particular, RpP2; 2q “ RpP2; 3q “ 4,
while RpP2; 4q “ 5. In [1], the two 3-graphs belonging to P2 were considered separately. It was shown
there that Rpbow; rq „ ?6r, while Rpkite; rq P tr ` 1, r ` 2, r ` 3u depending on the divisibility of r
by 6. It is, perhaps, interesting to see the drop from
?
6r to
?
2r when the bow is accompanied by
the kite.
The family P3 also consists of two 3-graphs, among them the linear path P3. For the latter, an
easy lower bound by a construction of Gyarfas and Raeisi [7] says that RpP3; rq ě r ` 6. It was
proved in a series of papers ([10], [12], [18], and [17]) that, indeed, RpP3; rq “ r ` 6 for r ď 10. The
trivial upper bound, RpP3; rq ď 3r, stemming from (1.1) was improved down to RpP3; rq ă 1.98r in
[15].
Turning to minimal paths of length 3, there is a similar lower bound RpP3; rq ě r ` 5. Using
the known value of ex3p7;P3q “ 15 determined in [16], it follows by (1.1) that indeed RpP3; 2q “ 7.
With a bit more effort, observing that a connected P3-free 3-graph must be intersecting and using
the Hilton-Milner Theorem 1.3, one can also show that RpP3; rq “ r ` 5 for r ď 7. The range of r,
for which RpP3; rq “ r ` 5 is certainly wider, but to prove it one would need more sophisticated
tools, like the third order Turán number exp3q3 pn;P3q.
7.2. Proof of Theorem 1.2. Let us start with a general lower bound on RpP4; rq based on the
slightly modified construction given by Gyárfás and Raeisi in [7]. We let
sr “ max
#
s P Z :
sÿ
k“6
ˆ
k
2
˙
ď r ´ 1
+
and tr “ max
"
t P Z :
ˆ
t
3
˙
ď r
*
.
Proposition 7.1. For all r ě 1,
RpP4; rq ě r `maxtsr, tru ` 1 ě r ` 3
?
6r ` 1.
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Note, that
sr “
$’’’’’&’’’’’%
5, for 1 ď r ď 15,
6, for 16 ď r ď 36,
7, for 37 ď r ď 64,
8, for 65 ď r ď 100,
9, for 101 ď r ď 145,
¨ ¨ ¨
, tr “
$’’’’’&’’’’’%
3, for 1 ď r ď 3,
4, for 4 ď r ď 9,
5, for 10 ď r ď 19,
6, for 20 ď r ď 34,
7, for 35 ď r ď 55,
¨ ¨ ¨
, and thus RpP4; rq ě
$’’’’’&’’’’’%
r ` 6, for r ě 1,
r ` 7, for r ě 16,
r ` 8, for r ě 35,
r ` 9, for r ě 56,
r ` 10, for r ě 84,
¨ ¨ ¨
In particular, for r ě 20 we have tr ě sr.
Proof. Set m “ maxtsr, tru and let V pKp3qr`mq “ t1, 2, . . . , r `mu. If m “ sr, for i “ 1, . . . , r ´ 1,
color every edge of Kp3qr`m whose minimum vertex is i by color i. In addition, apply different colors
from t1, . . . , r ´ 1u to all edges with minimum vertex in the set tr, r ` 1, . . . , r `m´ 6u. Note that
there are exactly
řm
k“6
`
k
2
˘ ď r ´ 1 such edges. Moreover, the edges of color i form a starplus, so
no monochromatic copy of a minimal 4-path has been created in any of the first r ´ 1 colors. The
remaining uncolored edges form a complete 3-graph Kp3q6 on the last 6 vertices r `m´ 5, . . . , r `m
and we color them by color r. As a minimal 4-path has at least 7 vertices, there is no member of P4
in color r as well.
If m “ tr, the construction is even simpler. For i “ 1, . . . , r, color every edge of Kr`m whose
minimum vertex is i by color i. In addition, apply different colors from t1, . . . , ru to all `m3 ˘ ď r
edges spanned on the vertices r` 1, . . . , r`m. Again, each color is a starplus, so no monochromatic
copy of a minimal 4-path has been created. 
Proof of Theorem 1.2. In view of Proposition 7.1, we only need to show the upper bound on RpP4; rq.
For r “ 1 there is nothing to prove so let us begin with r “ 2 and n “ 8. For this purpose observe
that in every 2-coloring of Kp3q8 at least one color takes at least
`8
3
˘{2 “ 28 ą 22 “ exp8;P4q edges,
and so, due to Theorem 1.1, contains a member of P4. Moreover, the same averaging argument
entails that this is true for every 8-vertex 3-graph with at least 45 edges.
Now, let r “ 3 and n “ 9. With an eye on the case r “ 4, we are going to prove, for r “ 3,
a slightly stronger result. An r-coloring which does not yield a monochromatic member of P4 is
referred to as proper. Let H9 be a 9-vertex 3-graph with at least
`9
3
˘´ 2 “ 82 edges and let a proper
3-coloring of H9 be given. Then, there is a color with at least r82{3s “ 28 ą 27 “ exp2qp9;P4q edges
and thus, since the coloring is proper, by Theorems 1.1 and 1.4, that color must be a subset of S`19 .
After removing the center of that star as well as the unique edge not containing it, we obtain a
proper 2-coloring of an 8-vertex 3-graph with at least
`8
3
˘´ 3 “ 53 edges, which, as it is shown above,
contains a monochromatic member of P4, a contradiction.
Finally, consider the case r “ 4 and n “ 10. To this end let a proper 4-coloring of all `103 ˘ “ 120
edges of Kp3q10 be given. If there is a color which is a subset of either S`110 or SP10, then we remove
its center together with at most two additional edges. As a result, we obtain a proper 3-coloring of a
9-vertex 3-graph with at least
`9
3
˘´ 2 “ 82 edges, which, as shown above, contains a monochromatic
copy of a member of P4, a contradiction. Otherwise, in view of Theorems 1.1, 1.4, and 1.5, each
of the four colors has exactly 30 edges and is isomorphic to SK10. But this is impossible, because
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in Kp3q10 every vertex has degree
`9
2
˘ “ 36, whereas in SK10 each vertex has its degree in t4, 11, 26u.
Clearly, 36 can not be obtained as a sum of four numbers from t4, 11, 26u and we are done. 
§8. Open problems
It would be interesting, though tedious, to calculate higher order Turán numbers for P4, that is,
expsq3 pn;P4q, s ě 4, and, using them, to pin down Ramsey numbers RpP4, rq for 5 ď r ď r0, for some
r0 ě 5.
Another challenging project would be to determine for all n the Turán number ex3pn; C4q, where,
recall C4 is the family of all minimal 3-uniform cycles with four edges. Kostochka, Mubayi, and
Verstraete showed in [14] that for large n
ex3pn; C34q “
ˆ
n´ 1
2
˙
`
Z
n´ 1
3
^
.
Gunderson, Polcyn, and Ruciński in [6] confirmed this formula for n ď 7.
Turán numbers for longer minimal paths and cycles seem to be currently out of reach if one desires
the exact values for all n.
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